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Abstract

The generalized zero-divisor graph of a commutative ring R denoted by I"(R), is a simple
(undirected) graph with the vertex set consisting of all nonzero zero-divisors in R and two
vertices z and y are adjacent if ™"y = 0 or y"x = 0 for some positive integer n. For the distinct
primes p, ¢, 7 and positive integers k1, k2, k3, we determine the adjacency matrix and eigenvalues
Of I (Z iy gk s ) - Also, we calculate the clique number, diameter, girth and stability number
Of I (Z ey 4z g ) and verify Beck’s conjecture for I (Z iy gk g )-
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1 Introduction

Let G be a simple graph with vertex set I and edge set E. The length of the shortest path
between two vertices x and y is called the distance between x and y and is denoted by d(z,y). The
diameter of G is the maximum of the distances between the vertices and is denoted as diam(G).
The girth of G denoted by gr(G), is the length of the shortest cycle in G. The girth of G is defined
to be oo if G contains no cycles. The clique number of G is the number of vertices in its largest
clique and is denoted by w(G). The cardinality of the largest set of pairwise non-adjacent vertices
in G is called the stability number, a(G). For a graph G with n vertices, A(G) = [ai;]nxn denotes
the adjacency matrix of G, where a;; = 1 if there is an edge between i‘" and j vertices of G and
0 otherwise. Let p1, pio, ..., i, be the eigenvalues of A(G). The adjacency spectrum of G is the

multiset, denoted by o4 (G) = { p L ) } A mapping  on an associative ring is called an

*

involution if for all z,y € R : (x 4+ y)* = 2* + y*, (zy)* = y*z* and (z*)
with involution x is called a *-ring.

= z. A ring equipped

For a commutative ring, Beck [3] introduced the concept of a zero-divisor graph. Building
on this idea, Anderson and Livingston [1] introduced the zero-divisor graph for commutative
rings. Redmond [14] extended this idea of zero-divisor graph to non-commutative rings. Later,
Patil and Waphare [9] extended this idea of zero-divisor graphs to rings with involution. More
recently, Lande and Khairnar [5] extended the concept of zero-divisor graph to the generalized
zero-divisor graph. For a *-ring R, they associated a simple (undirected) graph denoted by I''(R),
with the vertex set Z*(R) and two vertices = and y are adjacent if z"y* = 0 or y"z* = 0 for some
positive integer n [5].

Spectral graph theory and zero-divisor graphs serve as bridges between abstract algebra, com-
binatorics and applied fields, enriching both theoretical understanding and practical design in
disciplines such as coding theory, network science and algebraic systems classification. Their
interplay with algebraic structures allows for deeper analysis, optimal design and innovative appl-
ications in both pure and applied mathematics. Many authors have done the study of spectral
properties of the zero-divisor graph. Magi et al. [7] determined the eigenvalues of A (T (Z,2,2))
for primes p,q. They also computed the diameter, stability number, girth and clique number
of T' (Z,242). Monius [8] investigated the eigenvalues of I"(R) for a finite commutative ring R.
Pirzada et al. [13] studied the spectrum of the zero-divisor graph I' (Z,,u,~ ) for primes p, ¢ and
integers M, N > 0. Pirzada et al. [10] analyzed the structure of ' (Z,,) for n = p™¥1¢™2r, for primes
2 < p < ¢ < r and integers N1, Ny > 0. Pirzada et al. [11] studied signless Laplacian eigenvalues
of the zero-divisor graph of the ring Z,,»,~. The study of signless Laplacian spectrum of the zero
divisor graphs of the ring Z,, is explored in [12].

Recently, Rehman et al. [15] studied properties of the signless Laplacian spectrum of weakly
zero-divisor graph of commutative ring Z,,. Furthermore, Rehman et al. [16] studied normalized
distance Laplacian eigenvalues of the zero-divisor graph Z,,. Ashrafetal. [2] studied A, spectrum
of the zero-divisor graph of the ring Z,,. Additionally, Semil@Ismail et al. [17] explored distance
based topological indices of the zero divisor graph for some commutative rings. Zai et al. [19]
determined the non-zero divisor graph of rings of integers modulo n, where n = 8k and k& < 3.
Lande and Khairnar [6] determined the adjacency spectrum of the generalized zero-divisor graph
of the ring 7 . .5, where p, ¢ are distinct primes and «, /3 are positive integers.

In this paper, we extend this study and determine the eigenvalues of I (Z,x, 42 x5 ) for distinct
primes p, ¢, r and integers k1, k2, k3 > 0. In Section 2, we determine eigenvalues of I (Zpkl gF2rks )
In Section 3, we compute the clique number, diameter, girth and stability number of I’ (Zp;cl gF2rks ) .
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Furthermore, we prove Beck’s conjecture for I' (Zpkl gF2rks )

2 Eigenvalues of I (Z , jis s )

In this section, we begin by recalling some results that will be used in the subsequent analysis.
We then determine the eigenvalues of I (Zpk1 gF2rks ), where p, ¢, are primes and k1, ks, k3 are
positive integers.

The number of positive integers that are less than n and that are relatively prime to n is called
¢(n), Euler’s totient function. We first summarize well-known results.

Lemma 2.1. Let ¢ be Euler’s totient function. Then, |Z* (Z,) | =n—1— ¢ (n).

The greatest common divisor of x and n denoted by (z,n) and let Ty = {z € Z,, : (x,n) = d}.
The cardinality of T denoted by |Ty| is given in the result below;

Proposition 2.1. [18] Suppose d is a divisor of n. Then, |T4| = ¢ (%)

For an integer n > 1, the canonical decomposition is given by n = p¥ph? ... pkr for primes
p1,D2, - .., pr and positive integers k1, ko, . . ., ky.

We know that, ¢(n) = n (pl 1) (p2 1) <Pr1)'
b1 D2 Pr

Definition 2.1. [4] Let {1,2,...,n} be the n vertices of graph K and let G1, G2, . .., Gy, be graphs. Then,
the K—generalized join of the graphs G1, G2, . .., Gy, is denoted by \/{Gl, Go,...,Gy} and it is a graph

K
obtained by replacing each vertex i of K by the graph G, and there is an edge between any two vertices of
G, and G if and only if there is an edge between the vertices i and j in K.

Theorem 2.1. [4] Let G; be n pairwise disjoint r;—regular graphs of order n; and G be a graph with vertices
{1,2,...,n}. Then, the adjacency spectrum of G = \/[{G1, Ga, ..., Gy} is given by,

0(G) = (U (04 (G)\ {m}>> Uo(Ca (@),

i=1
where
Tis i =],
Ca(G) = (¢ij)pyn = § Vit ij € E(G), (1)
0, otherwise.

Definition 2.2. [5, Definition 2.1] Let R be a x-ring, the generalized zero-divisor graph denoted by T (R)
is a simple (undirected) graph with vertex set Z*(R) and two distinct vertices x and y are adjacent if and
only if x™y* = 0 or y"a* = 0, for some positive integer n.

For a commutative ring R, the involution « is an identity involution. Hence there is an edge between x
and y if ™y = 0 or y"a = 0 for some positive integer n.
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Some notations:

On,,n; * A matrix of all zeros of order n; x nj,
1,. ». : A matrix of ones of order n; x n;
ey e

I : An identity matrix.

If each element in set X is adjacent to each element of set Y, we denote it as X ~ Y. If no element
of set X is adjacent to any elements of set Y, we denote itas X ~ Y.

The following result determines eigenvalues of IV (Z,,.,).

Theorem 2.2. Let p, r, q be primes and let the sets X1, Xa, . .., X¢ be as defined in (4) with n; = | X,

(a) The adjacency matrix of I (Z ) is

0 B
’ ni+nz+nz,ni1+nz2+ns ni+nz2+nsz,natns+ne
A (F (Zprq)) = 7 ) (2)
B ‘ (1 - I)n4+n5+n6,n4+n5+n6
where
07117714 Onl,ns 177/17"6
Bn1+71,2+n,3,n4+71,5+n6 == 0n2,n4 1n2,n5 Onz,na

1"37”4 0”37"5 0'!7,3,’!16

(b) Zero is an eigenvalue of A (I (Zrq)) with multiplicity pg + qr + pr — (p+r +¢) — 6.

(¢) The eigenvalues of the matrix M, where,

0 0 0 0 0 g
0 0 0 0  mans O
yo| 0 0 0 Jmana O 0 @
0 0 mms 0 Jmams /iang |
0 Vgm0 Jmsma 0 \/mamg
N 0 agma agns 0

gives the remaining six eigenvalues of A (T (Zr)).

Proof.

(a) Letp,r,qbe primes and n = prq. Consider a partition of V (I (Z,,,)) into six subsets based
on the zero-divisors of Z,,. Define:

X, ={x€Z,:(x,n) =p}

Xo={zx€Z,:(z,n)=q},

X3:{1'€Zn:(xan):r}7 (4)

Xy ={x€Z,:(x,n) =pq},

X5 ={x€Z,:(x,n) =pr},

Xe={zx€Z,:(z,n)=qr}.

All the sets X, Xy, ..., X¢ are mutually disjoint, forming a partition,

P={Xy,Xs,..., X6}, (5)
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/
of V(I (Zprq))-

Next, we find the cardinality of the sets X1, Xs,...,Xs. Let 2 € X;. Then, (z,n) = p.
Therefore,

m =111 =6 (") = (- la - 1)

Similarly,

ng = |Xo| = (r—1)(p— 1),
n3 =Xz =(¢g—-1)(p—1),
ng =Xyl =r—1,
ns = ‘X5| :qfla
neg = |Xe| =p— 1.

Since ¢(prq) = (r — 1)(¢ — 1)(p — 1), the number of nonzero zero-divisors in Z,,, is

n—1-¢(n)=prq—(r—1)(q-1)p-1)—-1
=qr+pr+pg—(r+q+p). (6)

The order of matrix A (I (Z,,,)) is

6

AT (Zprg)) | =Y _1Xil = qr+pr+pg— (r+q+p),
i=1

which is consistent with the result from (6).

Next, we determine the neighborhoods of the elements in I'' (Z,,,¢):

(a) Leta € X5, b € Xg. Then, ab = 0.
Furthermore, for any b € X; U X5 U...U X5 and for any positive integer &, akfb # 0 and
b*a # 0. Thus, every vertex in X; is adjacent to every vertex in X so X; ~ Xgs. No
vertex of X is adjacent to any vertex in X, Xs,...,X5,50 X1 ~ X; fori=1,2,...,5.

(b) Leta € X2,b € X5. Then, ab = 0.
Furthermore, for any b € X; U Xy U X3 U X4 U X and for any positive integer &,
afb # 0 and b*a # 0. Thus, every vertex in X, is adjacent to every vertex in X5, so
X1 ~ Xs. None of the vertex of X is adjacent to any of the vertex of X;,..., X, and
X6,SOX1 ~ X; fori = 1,2,...,4,6.

(c) Leta € X3,b € X4. Then, ab = 0.
Also, forany b € X1 U X» U X3 U X5 U Xg and for any positive integer k, a*b # 0 and
b*a # 0. Therefore, every vertex in X3 is adjacent to every vertex in X4, so X3 ~ Xj.
None of the vertex in X3 is adjacent to any of the vertex in X;, X, X3, X5 and X, so
X3 = X; fori=1,2,3,5,6.

(d) Leta € X4,b € X3, X5, Xs. Then, ab = 0.
And, a*b # 0 and b¥a # 0 for any b € X; U X3 U X, and for any positive integer .
Therefore, X4 ~ X3, X4 ~ X5, X4 ~ XG and X4 e Xl, X4 e X2, X4 leed X4.

(e) Leta € X5, be X2,X4, Xe. Then, ab = 0.
Also, for any b € X; U X3 U X5 and for any positive integer k, a*b # 0 and bv*a # 0.
Therefore, X5 ~ X5, X5 ~ X4, X5 ~ Xg and X5 = X1, X5 » X3, X5 = X5.
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(b)

(c)

234

(f) Leta € Xg4,b € X1, X4, X5. Then, ab = 0.
Also, for any b € Xy U X3 U X¢ and for any positive integer k, akfb # 0 and b*Fa # 0.
Therefore, XG ~ Xl, X6 ~ X4, X6 ~ X5 and Xﬁ lead Xg, Xﬁ e X3, XG e X6.

Since there is an edge between the vertices of X; to the vertices of X4, we obtain a block
of ones in the adjacency matrix corresponding to the row for X; and the column for Xg.
Similarly, blocks of zeros and ones appear for the remaining vertices, based on their adjacency
relationships.

Thus, the adjacency matrix of I (Z,,,) with row and column headings X, X»,..., X¢ is
given by,
Onlvnl 0”1,"2 07l17n3 Onlﬂm O'fblﬂls 1"17”6
Onz,nl Onz,nz Onzmz Onz,n4 1n2,n5 Onzms
A (F/ (Z )) — 0”37711 Ons,nz On3yn3 1”37714 Ons,ns 0”37"746 (7)
e 0 0 1 0 1 1 ’
Mng,Mn1 ng,n2 ng,M3 Mg,Mq n4,Mns5 N4 ,Ne6
0”57711 1n5,n2 On57n3 1”5,714 Ons,ns 17157”6
L 1n6,n1 Onfs,nz 077467”3 lne,,n4 1n6,7l5 077467'”‘6 J

where 0, ,, is a matrix of all zeros of order n; x nj, 1, », is a matrix of all ones of order
n; X nj. Let B be a matrix,

07L1,77,4 OTL1,7L5 1711,”5

Bn1+n2+n37"4+n5+n6: 0n2,n4 na,ns Onz,na
1"37714 0“3,715 n3,ne
Thus,
0 B
/ o ni+nz+nz,ni1+nz2+ns
A Zy0,)) = - _
‘( - )n4+n5+n5,n4+n5+n6

The adjacency matrix A (I (Z,,4)) is givenin (7). Since A (I (Z,,4)) is a real and symmetric
matrix, for all the eigenvalues the algebraic multiplicities and the geometric multiplicities are
the same. Note that,

det (A (F/ (Zqu))) =0,

which implies that 0 is an eigenvalue of A (I (Z,,,)). The nullity of A (I (Z,,,)) gives the
geometric multiplicity of the eigenvalue 0. By performing elementary row transformations
on A(I" (Z,q)), in the transformed matrix we find that the number of zero rows is

6
> IXi|—6=pg+qr+pr—(p+r+q) —6

i=1

Thus, the nullity of A (I (Z,,4)) is pq + qr + pr — (p + r + q) — 6. Therefore, the eigenvalue
0 has the multiplicity pg + gr + pr — (p +r + q) — 6.

The graph I (Z,,,,) is depicted in the Figure 1, based on the structure described in (7).
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X1 Xo

Figure 1: The generalized zero-divisor graph I'’ (Zrq).

Since, the order of the matrix A (I (Z,4)) is gr + pr + pg — (r + ¢+ p) and 0 is the eigenvalue
with multiplicity gr+pr-+pg—(r+g-+p)—6, it follows that there are 6 remaining eigenvalues of
A (T (Zyq))- Since the trace of the matrix equals the sum of all eigenvalues, the remaining
6 eigenvalues must have sum 0. Using the observations above, Theorem 2.1, (1) and the
matrix A (I (Z,,,)) as given in (7) we get that the remaining 6 eigenvalues of A (I (Z,,))
are the eigenvalues of the matrix M where,

0 0 0 0 0 g
0 0 0 0  mams 0
o | 0 0 0  agna O 0
0 0 im0 Jams /g
0

0
Lv/Ten1 0 0 VNeng  /Nngns 0 |

Next, we determine the eigenvalues of I'’ (Zpk1 qr), for distinct primes p, r, ¢ and integer k; > 1.

Theorem 2.3. Let ky > 1 bean integer and p, q, v distinct primes. Define the sets X1, Xa, . .., X7 as given
in (10) and let n; = | X;|;

(a) The adjacency matrix of I (Z,x, ) is

0n1+n2+n3,n1+n2+n3 Bn1+n2+n3,n4+n5+n6 1n1+n2+n3,n7
/ _ |3
A (F (Z;D’“lm")) - B (1 - I)n4+ns+n6,n4+ns+n6 1n4+n5+n6,n7 )
t t
1n1 +na+ns,ny 1n4+n5+n6,n7 (1 - I)n%n?

(8)
where B is the matrix,

On17ﬂ4 Onl,ns 1”17716
B = Ong,n4 1ng,n5 07L2,7l6
1

n3,nqg 0n3 sN5 0”3 y16
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(b) Zero is an eigenvalue of A (T’ (Z 1, ) ) with multiplicity,
P pg + g+ pr— (p+ 1+ q)] - 6,

and —1 is an eigenvalue with multiplicity p*1—1 — 2.

(c) The remaining 7 eigenvalues of A (I" (Z. ,,.)) are the eigenvalues of M = [my;]7x7 where,

ng—1, i=j="1,

mij = \/W, X; ~ Xj,
0, otherwise,

n; = |X1‘

Proof.

9)

(a) Letn = p*qr, where p, ¢, r be distinct primes and k; > 1 be an integer. Suppose V (I (Z,,))

is partitioned into the following classes. Let

X, ={xecZ,: (z,n)=p", i=1,2,... k},
Xo={2x€Z, : (x,n) =q},
Xs={x€Z, : (x,n) =r},
Xe={2€2Z, : (x,n)=p'q, i=1,2,....k},
Xs={recZ, : (z,n)=p'r, i=12,...k},
Xe={x €, : (x,n) =qr},

X;={ze€Z, : x=kprq, k=1,2,....p" "1 -1}

Observe that, X7 contains the nilpotent elements in Z,«, ,, and all the sets X1, X, ..

mutually disjoint. Hence,
{X1UX2U...UX7},

form a partition of V (I (Z,x1 ) )-

(10)

., X7 are

(11)

Next, we find the cardinality of the sets X, X5,...,X7. Let z € X;. Then, for some 4,

(x,n) = p'. Therefore,

ni = |X1| = ¢(@" aqr) + ¢(p"* " lar) + - + d(gr)

=" =D =D -+ + =D -+ -1)¢-1)

=p" 7 r = 1)(g - D).

Similarly,

ne = | Xe| = p" *(p— 1),
ny = |X;=pht -1
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The order of the matrix A (I (Z,,,,)) is

7
Z X =p" =D —-1)+p" - -D+p"Hg-Dp-1)

R A G VR e U VR e (R VR R
:pkl*l(pq—kp?"-l-qr—(p+T+Q)+1)_1' (12)

d(n) = ¢(pFqr) = (r — 1)(q — 1)p"~*(p — 1). The cardinality of zero-divisors in Z,u, .
is given by n — ¢(n) — 1 = pFrgr — (r — 1)(¢ — 1)p"~(p — 1) — 1, which simplifies to
P = Ypr +qr+pg— (r+q+p)+1)—1,as shownin (12).

Next, we determine the neighborhoods of the vertices.

(a) Since X7 contains the nilpotent elements, each element in X7 is adjacent to all the
remaining vertices, thatis X7 ~ X, fori=1,2,...,7.

(b) Leta € X1, b € Xg. Then, a™b = 0 for some m > 0. Also, forany b € V (I (R)) \ {Xs U
X7} and for any k, a¥b # 0 and bv*a # 0. Therefore every element in X is adjacent to
every element in X¢, X7. Thus, X; ~ Xg, X7. None of the elements in X is adjacent to
elementsin V (I" (R)) \ {Xs U X7}.

(c) Similarly, we get

Xy~ X5, Xo~ Xy,

X3~ Xy, Xz~ Xy,

Xy~ X3, Xy~ X5, Xy~Xg, Xy~ Xy,
X5~ Xo, Xsg~Xy, Xg~Xe, X5~ Xy,
Xe~ X1, Xe~Xy, Xeg~Xs o Xer~ Xy,
X7~ Xq,...,X7.

Since each vertex in X is adjacent to each vertex in X4, we obtain a block of ones of size
ny X ng corresponding to the row X; and the column Xg. Additionally, no vertex in X is
adjacent to any vertex in Xs, resulting in a block of zeros of size n; x ng corresponding to
row X; and column Xo.

Similarly, we can construct blocks of zeros and ones for the remaining vertex sets. Note
that, for nilpotent elements, the entries on the diagonal are considered zero. Therefore, for
row X7 and column X; we obtain a block of 1 — I of size n; x n;. In the same manner,
the adjacency relationships between the other vertices can also be determined. Hence, the

adjacency matrix of I'" (Z,x, ,,.) with row and column headings X1, X, ..., X7 is given by,

_Onl ;11 0"17"'7/2 Onl,ns Onl sTa 0"7417'”5 1”1,716 ]'nl s ]

O'ﬂg,nl OTLQ,’VLQ 0"12777,3 0n2,"’L4 1112,77.5 077.2777,6 177.27117

Ong,nl Ong,ng On ,n3 1n3,n4 Ong,ns On N6 1n3,n7

077«477741 07147'”/2 1”4;”13 077«477’744 1”4,“5 1”4;716 1”4;"7 (13>
0’!7,5 sn1 1”5 ;12 077«)1”3 1”5 sTa 0n5 s15 177«)177'6 1”5 s

17167?11 OTLG,TLQ O’VLG,TL(; 171,67?14 17L6,7L5 OTLG,TLG 17L67n7

17177711 1"77”712 1"717;713 17177'”4 1"7777/5 1717;716 (1 - I)n7;7l7_
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Thus, the adjacency matrix of I (Zpk-l qr) with row and column headings X1, Xs,..., X7 is
a block matrix,

0n1+n2+n3,n1+n2+n3 Bn1+7l2+77/37n4+n5+77/6 1n1+n2+n3,n7
/ _ [3
A (F (Zpqu,_)) = B (1 - I)n4+n5+n6,n4+n5+n6 1n4+n5+n6,n7 ’
t t
17L1+7L2+n3,n7 1n4+n5+n6,n7 (1 - I)TL%”W
where
Onl,n4 Onl,ns 1nl7n6
B = |0n,n, nams  Ongine
1n3,n4 Ong,n;, 0“377746

(b) The adjacency matrix A (I (Z,x,,,)) is given in (13).
By performing elementary row transformations on A (I (Z . ,,) ), in the transformed matrix
the number of zero rows is

6

D IXi| =6 =p" g+ qr+pr—(p+r+q) -6
=1

Thus, 0 is the eigenvalue with the multiplicity p*' ~1[pq + qr + pr — (p + r + q)] — 6, and the

nullity of A (I (Z,x,,.)) + I gives the multiplicity of an eigenvalue —1. Since the nullity of

A (T (Zprrgr)) + Iis |X7| — 1 = pF1~1 — 2. Hence, the multiplicity of an eigenvalue —1 is
ki1—1

p — 2.

(c) From (13) and Definition 2.1 the graph I’ (Z,, ) is expressed as a generalized join of two
graphs,

Ty (Zyr g) \/ Ko,
Ko

where I'y (Z,1, ,,) is the graph on non-nilpotent elements and K, is the complete graph on
nilpotent elements, as depicted in Figures 2 and 3.

X, X,
N = X

Xs Xy

Figure 2: The induced subgraph I';y (th qr> and complete graph K, .
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Figure 3: The generalized zero-divisor graph I’ (Zp k1 qT) .

Since the order of A (I (Z,, ,,)) is
P pr 4 qr+pg— (r+q+p)+1) -1,
and the sum of multiplicities of the eigenvalues 0 and —1 is
P pr+ar+pa—(r+q+p) -6+ —2=p" " pr+gr+pg— (r+q+p)+1) -8

It follows that, there are 7 remaining eigenvalues for A (I (Z,,,,.)). Since the trace of the
matrix gives the sum of eigenvalues, the sum of the remaining 7 eigenvalues is p** ~! — 2. By
Theorem 2.1, (1) and (13), we get the remaining part of the proof.

Thus, the eigenvalues of M = [m;;]7x7, where,

ng—1, i=j=T1,
m;; = § /ming, X, is adjacent to Xj,
0, otherwise,

gives the remaining 7 eigenvalues. Here, n; = | X;|.

Next, result determines the adjacency matrix and eigenvalues of I (Z , 4., ) where k1, ks > 1.

Theorem 2.4. Let p,r, q be primes and let kv > 1,ks > 1 be integers. Let the sets X1, Xo,...,X11 be
defined as in (16) and n; = |X;| for each i;

(a) The adjacency matrix of T’ (Z .y ys.,) i

0n1+...+n5,n1+...+n5 Bn1+4..+n5,n5+...+n10 1n1+...+n57n11
/ _ t
A (F (Zpqu’%r)) = B Ons+~-+7l107n6+m+n1o 1n6+---+n107n11 )
t t
(1n1+--~+7ls7n11) (1n6+~.-+n107n11) (1 - I)nlhnll

(14)
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where
_Onl,ng 07’L1,7L7 07’L17TL8 On1,7Lg 17L177L1()
077‘27'”6 On2)n7 On27n8 1“27”9 1'”2)”10
B = Ons,na Ons,m 1n3,ns 0n3,n9 Ons,nm )
On47n6 1”47”7 1”4)”8 0”4»”9 On47n10
_17L5,7l6 0715,717 07157'”8 071/5,719 077/577L1()
Ons,ns 1”6-,”7 1”67”8 1n6’n9 1"67”10
1"77”6 OTL7,?’L7 O?’L7,7L8 OTL7,TL9 1”7,”10
C= 1n87n5 Ong,n7 O’I’Lg,ng 1ng,n9 1n87n10 5
1"97”6 0”97”7 1”957748 0”97”9 0”97“10
1"107”6 1”10»”7 177’107”8 0”107"9 O

(b) Zero is an eigenvalue of A (T’ (Zx, 4rs,.)) with multiplicity,

PR gr + pr+ pg — (r + g + p)] — 10,

and the multiplicity of an eigenvalue —1 is pF1=1gk2=1 — 2,

(c) The eigenvalues of the matrix M = [m;;|11x11 where,

nyy—1, i=j=11,

mij = 4 ming, X, ~ Xj, (15)
0, otherwise,

where n; = | X;| are the remaining 11 eigenvalues of A (I (Z ky grs..) )-

Proof.

(a) Let n = p*1g*2r, where p,q,r be distinct primes and k;,ks > 1 be integers. Consider a
partition of V' (I (Z,,)) into the following classes. Let,

X1 ={a€Z, : (a,n)=p, i=1,2,...,k — 1},
ng{aEZn : (a,n):pkl},

ng{aEZn . (a,n) = ¢, i:1,27...,k2—1},
Xy={acz, : (a,n):qkz},

Xs={a€Z, : (a,n)=r},

XGZ{aGZn : (a,n):piqj, 1=1,2,...,k;;  j=1,2, ,kg}, (16)
X7:{a€Zn:(a,n):pir, 1=1,2,.. ,kl—l},
Xg:{aEZn : (a,n):pklr},

Xg:{aEZn . (a,n) = q'r, 1=1,2,.. ,lcg—l}7
Xm:{aEZn : (a,n):q’”r},

Xllz{aeln . a = kprg, k=1,2, ..,pkl*lqkrl—l}.
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Observe that, X1, contains the nilpotent elements in Z », 4., and all the sets X1, Xo, ..., X11
are mutually disjoint. Hence,

(X1UXU...UXp ), (17)
form a partition of V (I (Z, 4r2,) ) - Next, we find the cardinality of the sets X1, X, ..., X11.
Suppose that, z € X;. Then, ged(x,n) = p'. Therefore,

n = X1| =0 (" q"r) + -+ 6 (pg™r)

=p" P - - Dg-D+- 4+ p-D(r—1)(g—1)
=" =) =1 (g - 1)

Similarly,

ny =|Xa| =¢""(r—1)(¢ - 1), ng =|Xs| = (r—1)(¢—1)p" "(p—1),

ny=|Xo| =p"r-1)(p-1), ns = |Xs| = q(¢g — 1)p" " (p— 1),

ne = | Xg| = p" ¢ (r — 1), =|X7|=(p—1)g"= g —1),

ng = | X =qk2 Yq—1), ng = |Xo| = (¢ = 1)p" ' (p—1),

nip = |Xio| = p" " tp - 1), ni = |Xu| =ph gt -1,

o(n) = ¢ (P ¢"r) =p"Hp-1)(r—1)¢"™ (g - 1),
and
[V (I (Zypr i) | =0 = d(n) =1 =p"rg2r —p"1 7 (p— )¢ Mg - 1)(r — 1) - 1
=p" P pr+gr+pg— (r+q+p) +1) - L

We get the following relationships among the vertices,
X1 ~ X, X1~ X1,
X2 ~ X, X2 ~ Xy, Xo ~ X1,
X35 ~ Xg, X3~ Xy,
Xy~ Xy, Xy~ Xg, Xy~ X1,
X5 ~ X, X5 ~ X1,
X6 ~ X5, Xe ~ X7, X ~ Xz, X6 ~ Xo, X6 ~ X0, X6 ~ X1,
X7~ Xy, X7 ~ X, X7 ~ Xy, X7 ~ X1,
Xg ~ X3, Xg ~ Xy, Xg ~ X, Xg ~ Xo, Xg ~ X0, Xg ~ X1,
Xg ~ Xo, Xo ~ X, Xg ~ Xg, Xo ~ X1,
X0 ~ X1, X10 ~ X2, X10 ~ X, X0~ X7, X0~ Xg, X10 ~ X1,
X1~ Xy, X1~ Xo,oooy, X1~ Xy1.
Hence, the adjacency matrix of I'’ (Zp;cl g2 7.) with row and column headings X, Xs, ..., X1;

is

0n1+-~-+n57’ﬂ1+---+n5

Malaysian ]. Math. Sci. 20(1): 229-251(2026) 229 - 251

Bn1+<.-+n57’ﬂ5+~--+n10

1n1+...+n5 ;11

AT (Zyps gr)) = B

On6+«~-+7l107”6+~-+n10

1n5+...+n107n11 )

(1n1+.4.+n5 y nll)t

(lns-‘rm-‘rnm ) nll)t

(1-1)

n11,M11
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where

_OTL1,7L6 07L1,7’L7 O?’Ll,ng OTL1,7L9 17L177L10
077‘2,“6 On2)n7 On27n8 1“2,”9 1'”2)77/10

B = 0n3,ns Ons,m 1n3,ns 0n3,n9 Ons,nm )
On4-,n6 1”47”7 17’«47”8 On4an9 On47n10
_lng,,ns 0715,”7 Ong,,ng 0”5,719 On5,n10
0716,77,6 1”6-,”7 1”67”8 1n6’n9 1”67”10
1"77”6 07L7,'!’L7 0"L7,7Ls O'I’L77TL9 1”7,”10

C= Lng,ne Ong,nz  Ong,ng Lng,ne Lng,m1o
1"97”6 0”91”7 1”9,7748 0”977749 0”97”10
_171107”6 1”10»”7 1”107”8 0"107"9 Onloﬂho

(b) The adjacency matrix A (I (Z,, 4r2,)) is given in (14). Similar to the proof of Theorem 18

(c)

242

(b), by performing elementary row transformations on A (I (Z,, jx2,.)), in the transformed
matrix the number of zero rows is

10
D IXi[ =10 =p" ¢ pg + gr + pr— (p+ 7+ ¢)] — 10.

i=1
Hence, the multiplicity of an eigenvalue 0 is

P g + qr + pr — (p+ 7 + q)] — 10.

The nullity of A (I (Z,x14%2,)) + I is the multiplicity of an eigenvalue —1. Hence, the
multiplicity of an eigenvalue —1 is | X1;| — 1 = pf1—1gk2—1 — 2,

Since the order of A (I (Z,x, gr2,)) is

PP o +qr +pg— (r+q+p) +1) -1,

and the sum of multiplicities of eigenvalues 0 and —1 is
PP o g g = (g p) — 104+ PN TR -2
=l Y r 4 qr +pg— (r+q+p)+1) —12.

Hence, there are 11 more eigenvalues of A (I (Z,x, 4k, ) ). Since the trace of the matrix gives
the sum of the eigenvalues of a matrix. The sum of remaining 11 eigenvalues is pFilgh2—1 2,
By Theorem 2.1, (1) and (14), we get the remaining part of the proof.

Hence, the eigenvalues of the matrix M = [m;;]11x11 gives the remaining 11 eigenvalues,
where,

nip—1, i=j=1I,
mij = 4 ning, X~ Xj,
0, otherwise,

and n; = ‘X1|
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Now, we obtain the eigenvalues of I (Z,; jkz s )-

Theorem 2.5. Let p,r,q be primes and ki, ko, k3 > 1 be integers. Let the sets Y1, Y5, ..

(20) and n; = |Yi|;

(a) The adjacency matrix of T (Z,, grs s ) is

Malaysian ]. Math. Sci. 20(1): 229-251(2026) 229 - 251

AT (Z s grayies)) =

where

ni,ny
naz,n7

ns,n7

By

— O O O o O

4,17

ns,n7

ne,N7

o O = O O O

ni,m11

n2,ni1

B, — n3,Mn11
9 =

4,M11

n5,M11

ne,Mn11

o O o o = O

n1,n15
nz,n1s5
n3,nis

By =

M4,N15

n5,Mn15

LYNe,Mn15

ni,ng

nz,ng

3,18

n4,n8

ns,n8

HOO:CDOO

ne,ng

ni,mni2

n2,n12

n3,ni2

4,112

ns5,Mn12

o O = O O O

ne,mn12

ni,nie
n2,nie
n3,nie
n

4,116

ns5,n16

o O O O = O

ne,n16

0n1+...+n6,n1+...+ng Bl B2 BS 1n1+...+n67 Nn19
B{ 0 |C1|Cs 1n7+m+ﬂ107 n1g
By Ci | 0 | Cs| lnyt.qninio
Bé Cé O§ O 17’L15+...+’I’L187 n19
1t 1t [ 1t | 1t (1- Do nae
Onl,ng 0”17”10_
Onmng Onz,nw 0n7,n11 0n7,n12 1”7,”13
Onsﬂlg 071377110 , Cl _ Ons,nu Ons,nm 1718,7113
On4,n9 On4m1o 1“9,7111 1n9,n12 1n9,n13
0”5%9 1n5,n10 1“10,”11 1n10,n12 17110,7113
1n6,ng lns,nw_
Onl,nm Onl,n14_
0”2,”13 0712,"14 0”777115 0”77"16 1n7,n17
Ong,nlg 1n3,n14 7 02 _ 1?’L8,7L15 lng,nlg 1n8,n17
1“4,7113 1714,7114 0“9,7115 0n9,n16 1n9,n17
Ons,nm 0n5,n14 lnlo,nls 1n10,n16 1n10,n17
0”6,"13 Onﬁmm_
Oﬂ1,n17 1”1,7118_
1n2,n17 177«2777«18 Onu,nls ]‘77«117”16 07111,”17
0”3,n17 Onsﬁlls , Cd — 1”12,”15 1”121”16 1n12,n17
0n4,n17 0'”4;”18 1“13,7115 1“13,7116 17113,7117
Ons,nn 0n5,n18 1“14,7115 1n14,n16 1n14,n17
07L6,7117 On67n18_

(b) Zero is an eigenvalue of A (T (Z,y s prs ) ) with multiplicity,

O

., Y19 be given in

nr,ni4

ng,ni4

I

n9,N14

—_

n10,M14

0"7«77”18
On87"18
1n9,n18

1

Mn10,M18

n11,M18
n12,M18
n13,M18

1
1
1
1

MN14,M18

PP g s g+ pr g — (p+ 7+ )] — 18,

k)lfl 2

and —1 is an eigenvalue with multiplicity pF1—1gk2—1pks=1

(c) The eigenvalues of the matrix M = [mi;]19x 10 are the remaining 19 eigenvalues of A (I (Z s grs s ) ),

where,
nig—1, i=j=19,
mi; = § ming, Y ~Yj, (19)
0, otherwise,
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Proof.

Malaysian J. Math. Sci. 20(1): 229-251(2026) 229 - 251

and n; = |Y;|.

(a) Let m = p*1¢*2r*s and p,q,r be distinct primes. Partition V (I (Z,,)) into the following

244

classes. Let,

Yi={yez,: (y,m) =7, i=1,2,...k — 1},

Yo ={y €Zy: (y,m) =p"},

Ys={y €Z,:(y,m)=q, i=1,2,..., ks — 1},

Yo={y€Zy:(y,m)=q"},

Ys ={y €Z,: (y,m)=r" i=1,2,..., ks — 1},

Yo ={y €Zy: (y,m) =r"},

Ye={y€Z,:(yym)=p'¢, i=12,....k1—1; §=1,2,... ks —1},

Ys={y€Z,:(ym)=p"¢, j=1,2,... ky—1},

Yo={y€Z,:(y,m)=p'¢", i=1,2,...k —1},

Yio = {y € Zyn : (y,m) = p*¢"}, (20)

Yii={y€Z,:(y,m)=pri, 1=1,2,....k1 —1; j=1,2,... kg —1},

Yio={y€Zy:(y,m)=p"ri, j=1,2,... ks—1},

Yis={y€Z,:(yym)=pr* i=12.. k —1},

Yig = {y € Zy : (y.m) = pMr'e},

Yis = {y € Zp, : (y,m) = ¢'r7, i=1,2,...ka—1; j=1,2,... ks —1},

Yie={y€Zmn:(yym)=¢"ri, j=1,2,... ks—1},

Yir ={y € Z,, : (y,m) = ¢'r*?, i=1,2,...,ko — 1},

Yig ={y € Z, : (y,m) = ¢"*r*},

Yio={y€Z, :y=kprq, k=1,2,...,p" gk 1pke =l 1},
Observe that, Y9 consist of nilpotent elements in Z,, and all the sets Y;,Y5,...,Yi9 are
mutually disjoint. Hence,

{iuYoU...UYie}, (21)

form a partition of V (I (Z,,)). Next, we find the cardinality of the sets Y7,Y5,..., Yiq.

Suppose that, y € Y;. Then, (y,m) = p. Therefore,
n = V| = o(p" g rt) o d(pgrte)
=p"Zp-1)(g— D¢ — 1)+ + (p—
=" =g - Vgl e - ).

1)g*~trks = (r —1)(¢ — 1)

Similarly,
ny = |Ya| = ¢" 7 (g — )rs 1 (r — 1),
ny =|V3| = (¢"71 = )pM TR e = D(p - 1),
ng = Y| = (p = )p" e (r = 1),
ns = |Ys| = (" = )(p—1)p g g - 1),
ng = |Ys| = (p — )p" ¢ (g - 1),
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=|Y7\:( D=t (r = 1)(g - 1),
=Yg =" (r=1)(g - 1),
= [Yo| =rF*~'(r =) (p - 1),
nio = |Yio| = r*~1(r — 1),
n =Yl = (-1 -1)¢"""(¢-1),
nis = [Yia| = (r — 1)¢™ (¢ - 1),
mig = [Yig| = (¢ — )¢ '(p - 1),
niy = Y| = ¢ (g — 1)
1

ns = [Yis| = (p — Dp™~
nie = |Yig| = (r — 1)p**~ 1(17 1),
ni7 = |Yi7| = (g — Dp**L(p — 1),

nis = |Yis| = (p — 1)p™ 1,
q

nlg — |}/19| 7pk1 1 k:g 1 k}3 1 1.

p(m) = ¢(p" g2 rks) = p" = p—1)¢™ " (g — 1)r** 1 (r — 1), and
1Z* (Z) | = m — ¢(m) — 1 =p"1gb2Irbs ™ (pr + qr +pg — (r + g +p) +1) — 1,

which is the order of A (I (Z 5, vz x5 ) ). Observe the following adjacency relations;

Y1 ~ Yis, Yig; Y11 ~ Y4, Yy, Y10, Y16, Yis, Y105

Yy ~ Y15, Y16, - - -, Y105 Y12 ~ Yy, Yy, Y10, Y15, - - -, Yig;

Y3 ~ Y14, Y1g; Y13 ~ ¥4, Yy, Y10, Y15, - - -, Y105

Yy ~ Y11,..., Y14, Y19; Y14 ~ Y3,Yy, Y7, Y10, Y15, .. ., Yig;
Y5 ~ Y10, Yig; Yi5 ~ Y5, Yg, Yo, Y12, Y14, Yi9;

Yo ~Y7,..., Y10, Y19; Yi6 ~ Y2, Y3, Y10, ..., Y14, Y19;

Y7 ~ Y, Y13, Y14, Y17, Y19; Yir ~ Ya, Y7, ..., Y10, Y12, Y105

Ys ~ Ye, Y3, ..., Y17, Yig; Yig ~ Y1,Y2,Y7,..., Y1, ..., Y14, Yig;
Yy ~ Y, Y11,..., Y14, Y17, ..., Yig; Yio~Y1,Y5, ..., Y.

Yio ~ Y5, Y6, Y11, ..., Yio;
The adjacency matrix of I (Zpk1 quT,kg) with row and column headings Y1, Ya, ..., Yig is

A (F/ (Zpkl qk2 7“’“3)) = [aij],

where
(1= Dpixn;, i=37=19,
aij = § ln;xn;, Y ~ Y,
O xn; s otherwise.
Hence,
Oni4..4ngnit+..4ng | Br | B2 | B3 | lni+..4ne> 19
B! 0 | C1| Co| Lnok. 4n1gsM19
A(F/(Zpqu’“w’%)): B; Ci| 0 |Cs| lny+otnis o |
B§ Cé C§ 0 | Inist..4n1s> 119
1t 11 ] (1= Dy,
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where By, Bs, B3, C1, Cy, C3 are matrices as in (18).

(b) The adjacency matrix A (I (Z,k, 4r2,45 ) is given in (18). Similar to the proof of Theorem
18 (b), by performing elementary row transformations on A (F’ (Zpkl gF2rks )), the number
of zero rows in the transformed matrix is

18
Wil =18 =pM Rtk pr 4 gr 4 pg — (r+ g + p)] - 18.
=1

Hence, the multiplicity of an eigenvalue 0 is
PR g pr - gr - pg — (r+ g+ p)] - 18,

The nullity of A (I (Z,ky gr2 145 )) + I gives the multiplicity of an eigenvalue —1. Hence, the
multiplicity of an eigenvalue —1 is |Yi9| — 1 = pFr—1gk2=1pka=1 _ 9,

(c) Since the order of matrix A (I (Z xy g s ) ) is p* ~LgF2~1rPs = (pr4-qr+pg—(r+q+p)+1)—1
and the sum of multiplicities of eigenvalues 0 and —1 is

pklflquflrkgfl(pr + qr _|_pq _ (7‘ + q+p)) — 18 +pk1*1qk2*1Tk3*1 )
=pM e g T (pr 4 qr 4 pg — (r 4 p) + 1) - 20.

Hence, there are 19 more eigenvalues of A (I (Z,x, vz ,45 ) ). Since the sum of eigenvalues is
the trace of the matrix. Hence, p¥1 ~1¢*2~1r*3=1_2 gives the sum of remaining 19 eigenvalues.
We get the remaining part of the proof by Theorem 2.1, (1) and (18).

Thus, the eigenvalues of the matrix M = [m;;]19x19 are the remaining 19 eigenvalues where,

77119*1, Z:jilg,

mij = § /il Yi~ Y,
0, otherwise,

and n; = |Y;].

3 Properties of I (Z 5, jus,k5)

This section determines the girth, clique number, diameter and stability number of I' (Zpk1 gF2rks ) .
Furthermore, we prove Beck’s conjecture for I'’ (Zpk1 gF2rka )

Theorem 3.1. The clique number of I (Z ) is w (I (Zprq)) = 3 and the stability number is

& (I (Zyrq)) =pr+pg+qr—2(r +p+q) + 3.

Proof. Let X; be as defined in Theorem (18) and (4). From the Figure 1 observe that, if v € X4,
y € X5,z € Xg, then, {z, vy, z} form a clique that have the maximum size. Hence, w (I (Z,,)) = 3.
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For any z,y € X; U X2 U X3, 2™y # 0 and y™x # 0. Therefore, there is no edge between any
two vertices of X7 U Xy U X3 inI"(Z,,,). Hence, the stability number of I (Z,,,) is

O‘(F/ (Zprq)) = |X1| + |X2| + ‘X3|
=r-D@-D+@E-Hr-D+(@-E-1)
=pr+qr+pg—2(r+q+p)+3.

Corollary 3.1. The girth of I (Z,,rq) is gr (I (Zprq)) = 3 and diameter of I” (Z,,q) is
diam (I (Zrq)) = 3.
Theorem 3.2. The clique number of T (Z . ) is w (I (Z,r1 ) ) = ™1 + 2 and stability number is

a (T (Zyrrge)) =05 Hpr +pa+ar —20r+p+q) +3],  forks > 1.

Proof. Let X; be as defined in Theorem 2.3 and (4). Since X7 contains the nilpotent elements, the
subgraph formed by the vertices in X7 correspond to the complete subgraph given by the principal
submatrix [1 — I] of A (I" (Zyr1,,))-

Letx € X4,y € X5, z € X¢. Then, the subgraph induced by the vertices in X7 U{z,y, 2z} forms
a complete subgraph of maximum order. Hence, the clique number of I’ (Zpkl qr) is

w (F/ (Zpqur» =[X7|+3= pkl_l —-1+3= pkl_l + 2.

For any z,y € X1 U X3 U X3, we have 2™y # 0 and y™z # 0 for any positive integer m. Therefore,
there is no edge between any two vertices of X; U X5 U X3 in IV (Z,,,,). Hence, the stability
number of I (Z . ) is

a (T (Zyergr)) = | Xa] + [ Xa| + | X3
=(@-1p" -+ -Dp" Hp-1)+(p—-1)p" 1 (g—1)
=p" " pr+ qr +pq — 2(r + g+ p) + 3.

Corollary 3.2. The girth and diameter of T (Z 1, ) are
gr (T (Zyeiye)) =3, and  diam (T’ (Z,r,,,)) = 3.
Theorem 3.3. The clique number of T (Z . yrz,) is
w (F/ (Zpqu’”‘??“)) =pM g 2
and stability number is
a (T (Zpirgrar)) = 071" pr + g7 +pg — 2(r +q +p) +3],
where k1, ko > 1.
Proof. Let X; be as defined in Theorem 2.4, (16). Since X;; consists of nilpotent elements, the

induced subgraph by the vertices in X;; corresponds to the complete subgraph given by the
principal submatrix [1 — I] of A (I (Z,r, gr2y))-
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Letx € X6,y € Xs, 2 € Xi10. Then, the subgraph induced by the vertices in X311 U {z,y, 2}
gives a complete subgraph of maximum order. Hence, the clique number,
W (I (Zyprgray)) = [ Xua| +3 =p g7 — 143 =ph7lgh ™t 4 2,

For any z,y € X7 U Xy U...U X5, we have 2™y # 0 and y™z # 0 for any positive integer m.
Therefore, there is no edge between any two vertices of X; UXoU...UX5in T’ (Zpkl qkw). Hence,
the stability number of I (Z ., jx,,.) is

@ (I (Zppr ghay)) = 1X0] + | Xo| + [ Xp] + [ Xa] + [ X5]
=@p-Dr-1)¢"* " g-D)+Fr -1 g1+ @-1p" '(r—1)(¢g—1)
+r=Dp" -+ T - - 1)
=p" 72 pr + qr +pg — 2(r + g +p) + 3.

Theorem 3.4. Let k1, ko, k3 > 1 be integers. Then, the clique number of T’ (ZpqukQTkS) is
o (T @y ass)) = gk 1,
and stability number is
a (T (Zyorgrages)) = P ™15 pr 4+ qr + pg = 2(r + g+ p) + 3].
Proof. Let Y; be as defined in Theorem 2.5, (20). Since Yig consists of nilpotent elements. The

subgraph corresponding to the vertices in Y79 gives the complete graph represented by the principal
submatrix [1 — I] of A (I (Z s yeaprs))-

Let x € Y10, y € Y14, 2 € Yis. Then, the subgraph induced by the vertices in Y19 U {z,y, 2}
forms a complete subgraph of maximum order. Thus,

W (T (Zyrgrares)) = [Yigl +3 = pMighmtrket 1 4 3 = phirighaipheml o,

Furthermore, for any z,y € Y;UY>U...UYs, we have 2™y # 0 and y™x # 0 for any positive integer
m. Therefore, there is no edge between any two vertices of Y1 UY; U ... U Y5 in IV (Zpqukz,,,kg,).
This means that the stability number o (I (Z, 42,55 )) can be found by summing the sizes of
the independent sets Y1, Y, ..., ¥; as these sets have no edges between them. Thus, the stability
number of IV (Z k; gz s ) is

6
a (F’ (ZpqukQTkg)) = Z Y7
=1

=p" "= pr g+ pg — 2(r + g+ p) + 3.

Corollary 3.3. Let ki, ko, ks > 1 be integers. The girth and diameter of T (Z e, yrz .15 ) are

agr (F/ (Zpqukz,,‘kg,)) =3 and diam (F/ (ZpqukzrkS)) = 2.

Proof. From the earlier result, we know that,

w (F/ (ZpqukQT.k:;)) =philghe—lphs=l 4 95 3

248



A. Khairnar and A. Lande Malaysian ]. Math. Sci. 20(1): 229-251(2026) 229 - 251

Specifically, if we consider x € Y14, y € Y13, 2 € Yig, then, the set {x,y, z} gives a clique in
L (Z s gz pis ). Hence, I (Z ey grz ks ) contains a triangle. Thus, gr (I (Zky grayis)) = 3. If 2,w
are two distinct nilpotent elements, then, d(z,w) = 1. If z is a nilpotent element and w is not a
nilpotent element, then, d(z, w) = 1. If both z, w are non-nilpotent elements and they are adjacent,
then, d(z,w) = 1. If both z, w are non-nilpotent elements and they are not adjacent, then,

z 4+ u 4> w is a path, for any nilpotent element u. Therefore, diam (I’ (Z k1 gz s ) ) = 2. O

We conclude this section by proving Beck’s conjecture for IV (Z,x, ez a5 ).

Theorem 3.5. Let k1, ko, k3 be positive integers p, g, r be primes. Then,

X (1—‘/ (Zpqusz,kS)) = w (F/ (Zpqu@TkS)) .

Proof. Consider the case k1 > 1, ks > 1, kg > 1. Let Y;, i = 1,2,...,19 be the sets as defined in
Theorem 2.5 (20). By Theorem 3.4, we have

W (T (Z ey graprs)) = PP g1kl 2,

Now, observe that the vertices in Y19 U {z,y, 2z}, where z € Y1, y € Y14, 2z € Y15 form a clique of
the maximum size in I/ (Zpk1 qk27,k3). Hence, we use different colors to color the vertices in this
set. For any Y;, i # 19, no element in Y] is adjacent to any other element in Y;. Hence, we use the
same color to color the vertices in Y;. Also, as Y79 contains nilpotent elements we will not use any
color used in the vertices of Y79 to the remaining vertices. Let ¢y, ¢z, c3 be the colors used to color
the vertices in Y79, Y14, Y15 respectively. We color the remaining vertices with these three colors
as follows: Consider any w € Y;, ¢ # 19,10, 14, 18 then, Y; ~ Y; for some j = 10, 14, 18 otherwise
Y19 U{z,y, z,w} form a clique, a contradiction to Theorem 3.4. Hence, w is not adjacent to at least
one of z,y, z. Suppose that, w is not adjacent to z. Then, we color vertex w with the same color as
that of x. Therefore,

X (T (Z ks groris)) = |Y1o| + 3.
Hence,
X (Zyiagiarin)) = 0 (1 o)) = 7570 42,
Similarly, by Theorems 3.1, 3.2, 3.3, we get the proof for the remaining cases. Hence,
X (0 @y gragis)) = (1 (Zaginria)

for positive integers k1, k2, k3. O

4 Conclusions

Lande and Khairnar [6] determined the adjacency spectrum of the generalized zero-divisor
graph I (Z,,) for n = p®q®, where p, q are distinct primes and «, 3 are positive integers. This
paper extend the study of adjacency spectrum of ' (Z,) to n = p*i¢*2r¥s. Additionally, the
clique number, stability number, diameter and girth are determined. Also, it is proved that Beck’s
conjecture holds for I (Z ,x; gz ks ) -
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4.1 Future Scope

The future research directions include:

1. Extending the study of adjacency spectrum of IV (Z,,) to n = p1ps ... py for distinct primes
p1, D2, - - -, P and then, extending the results to any positive integer n.

2. Investigating other spectra viz. the Laplacian spectrum, the signless Laplacian spectrum,
the normalized distance Laplacian spectrum, the Randi¢ spectrum, the A, spectrum, etc. of
I (Z,,) and exploring the topological indices.

3. Exploring the study of the spectrum of I''(R) for non-commutative rings.
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