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Abstract

The generalized zero-divisor graph of a commutative ring R denoted by Γ′(R), is a simple
(undirected) graph with the vertex set consisting of all nonzero zero-divisors in R and two
vertices x and y are adjacent if xny = 0 or ynx = 0 for some positive integer n. For the distinct
primes p, q, r and positive integers k1, k2, k3, we determine the adjacencymatrix and eigenvalues
of Γ′ (

Zpk1qk2rk3

)
. Also, we calculate the clique number, diameter, girth and stability number

of Γ′ (
Zpk1qk2rk3

)
and verify Beck’s conjecture for Γ′ (

Zpk1qk2rk3

)
.
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1 Introduction

Let G be a simple graph with vertex set V and edge set E. The length of the shortest path
between two vertices x and y is called the distance between x and y and is denoted by d(x, y). The
diameter of G is the maximum of the distances between the vertices and is denoted as diam(G).
The girth of G denoted by gr(G), is the length of the shortest cycle in G. The girth of G is defined
to be ∞ if G contains no cycles. The clique number of G is the number of vertices in its largest
clique and is denoted by ω(G). The cardinality of the largest set of pairwise non-adjacent vertices
in G is called the stability number, α(G). For a graph G with n vertices, A(G) = [aij ]n×n denotes
the adjacency matrix of G, where aij = 1 if there is an edge between ith and jth vertices of G and
0 otherwise. Let µ1, µ2, . . . , µn be the eigenvalues of A(G). The adjacency spectrum of G is the
multiset, denoted by σA(G) =

{
µ
(s1)
1 , . . . , µ

(sn)
n

}
. A mapping ∗ on an associative ring is called an

involution if for all x, y ∈ R : (x + y)∗ = x∗ + y∗, (xy)∗ = y∗x∗ and (x∗)∗ = x. A ring equipped
with involution ∗ is called a ∗-ring.

For a commutative ring, Beck [3] introduced the concept of a zero-divisor graph. Building
on this idea, Anderson and Livingston [1] introduced the zero-divisor graph for commutative
rings. Redmond [14] extended this idea of zero-divisor graph to non-commutative rings. Later,
Patil and Waphare [9] extended this idea of zero-divisor graphs to rings with involution. More
recently, Lande and Khairnar [5] extended the concept of zero-divisor graph to the generalized
zero-divisor graph. For a ∗-ringR, they associated a simple (undirected) graph denoted by Γ′(R),
with the vertex set Z∗(R) and two vertices x and y are adjacent if xny∗ = 0 or ynx∗ = 0 for some
positive integer n [5].

Spectral graph theory and zero-divisor graphs serve as bridges between abstract algebra, com-
binatorics and applied fields, enriching both theoretical understanding and practical design in
disciplines such as coding theory, network science and algebraic systems classification. Their
interplaywith algebraic structures allows for deeper analysis, optimal design and innovative appl-
ications in both pure and applied mathematics. Many authors have done the study of spectral
properties of the zero-divisor graph. Magi et al. [7] determined the eigenvalues of A

(
Γ
(
Zp2q2

))
for primes p, q. They also computed the diameter, stability number, girth and clique number
of Γ

(
Zp2q2

)
. Mönius [8] investigated the eigenvalues of Γ′(R) for a finite commutative ring R.

Pirzada et al. [13] studied the spectrum of the zero-divisor graph Γ
(
ZpMqN

)
for primes p, q and

integersM,N > 0. Pirzada et al. [10] analyzed the structure of Γ (Zn) for n = pN1qN2r, for primes
2 < p < q < r and integers N1, N2 > 0. Pirzada et al. [11] studied signless Laplacian eigenvalues
of the zero-divisor graph of the ring ZpMqN . The study of signless Laplacian spectrum of the zero
divisor graphs of the ring Zn is explored in [12].

Recently, Rehman et al. [15] studied properties of the signless Laplacian spectrum of weakly
zero-divisor graph of commutative ring Zn. Furthermore, Rehman et al. [16] studied normalized
distance Laplacian eigenvalues of the zero-divisor graphZn. Ashraf et al. [2] studiedAα spectrum
of the zero-divisor graph of the ring Zn. Additionally, Semil@Ismail et al. [17] explored distance
based topological indices of the zero divisor graph for some commutative rings. Zai et al. [19]
determined the non-zero divisor graph of rings of integers modulo n, where n = 8k and k ≤ 3.
Lande andKhairnar [6] determined the adjacency spectrum of the generalized zero-divisor graph
of the ring Zpαqβ , where p, q are distinct primes and α, β are positive integers.

In this paper, we extend this study and determine the eigenvalues of Γ′ (
Zpk1qk2rk3

)
for distinct

primes p, q, r and integers k1, k2, k3 > 0. In Section 2, we determine eigenvalues of Γ′ (
Zpk1qk2rk3

)
.

In Section 3, we compute the clique number, diameter, girth and stability number ofΓ′ (
Zpk1qk2rk3

)
.
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Furthermore, we prove Beck’s conjecture for Γ′ (
Zpk1qk2rk3

)
.

2 Eigenvalues of Γ′ (
Zpk1qk2rk3

)
In this section, we begin by recalling some results that will be used in the subsequent analysis.

We then determine the eigenvalues of Γ′ (
Zpk1qk2rk3

)
, where p, q, r are primes and k1, k2, k3 are

positive integers.

The number of positive integers that are less than n and that are relatively prime to n is called
ϕ(n), Euler’s totient function. We first summarize well-known results.

Lemma 2.1. Let ϕ be Euler’s totient function. Then, |Z∗ (Zn) | = n− 1− ϕ (n).

The greatest common divisor of x and n denoted by (x, n) and let Td = {x ∈ Zn : (x, n) = d}.
The cardinality of Td denoted by |Td| is given in the result below;

Proposition 2.1. [18] Suppose d is a divisor of n. Then, |Td| = ϕ
(n
d

)
.

For an integer n > 1, the canonical decomposition is given by n = pk1
1 pk2

2 . . . pkr
r for primes

p1, p2, . . . , pr and positive integers k1, k2, . . . , kr.

We know that, ϕ(n) = n

(
p1 − 1

p1

)(
p2 − 1

p2

)
· · ·
(
pr − 1

pr

)
.

Definition 2.1. [4] Let {1, 2, . . . , n} be the n vertices of graphK and letG1, G2, . . . , Gn be graphs. Then,
the K–generalized join of the graphs G1, G2, . . . , Gn, is denoted by

∨
K

{G1, G2, . . . , Gn} and it is a graph

obtained by replacing each vertex i of K by the graph Gi and there is an edge between any two vertices of
Gi and Gj if and only if there is an edge between the vertices i and j inK.

Theorem 2.1. [4] LetGi be n pairwise disjoint ri–regular graphs of order ni andG be a graph with vertices
{1, 2, . . . , n}. Then, the adjacency spectrum of G =

∨
{G1, G2, . . . , Gn} is given by,

σA(G) =

(
n⋃

i=1

(σA (Gi) \ {ri})

)⋃
σ (CA (G)) ,

where

CA (G) = (cij)n×n =


ri, i = j,
√
ninj , ij ∈ E (G) ,

0, otherwise.

(1)

Definition 2.2. [5, Definition 2.1] LetR be a ∗-ring, the generalized zero-divisor graph denoted by Γ′
(R)

is a simple (undirected) graph with vertex set Z∗(R) and two distinct vertices x and y are adjacent if and
only if xny∗ = 0 or ynx∗ = 0, for some positive integer n.

For a commutative ring R, the involution ∗ is an identity involution. Hence there is an edge between x
and y if xny = 0 or ynx = 0 for some positive integer n.
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Some notations:

0ni,nj
: A matrix of all zeros of order ni × nj ,

1ni,nj
: A matrix of ones of order ni × nj ,

I : An identity matrix.

If each element in setX is adjacent to each element of set Y , we denote it asX ∼ Y . If no element
of set X is adjacent to any elements of set Y , we denote it as X ≁ Y .

The following result determines eigenvalues of Γ′ (Zprq).

Theorem 2.2. Let p, r, q be primes and let the sets X1, X2, . . . , X6 be as defined in (4) with ni = |Xi|,

(a) The adjacency matrix of Γ′ (Zprq) is

A (Γ′ (Zprq)) =

[
0n1+n2+n3,n1+n2+n3 Bn1+n2+n3,n4+n5+n6

Bt (1− I)n4+n5+n6,n4+n5+n6

]
, (2)

where

Bn1+n2+n3,n4+n5+n6
=

0n1,n4
0n1,n5

1n1,n6

0n2,n4
1n2,n5

0n2,n6

1n3,n4
0n3,n5

0n3,n6

 .

(b) Zero is an eigenvalue of A (Γ′ (Zprq)) with multiplicity pq + qr + pr − (p+ r + q)− 6.

(c) The eigenvalues of the matrixM , where,

M =



0 0 0 0 0
√
n1n6

0 0 0 0
√
n2n5 0

0 0 0
√
n3n4 0 0

0 0
√
n4n3 0

√
n4n5

√
n4n6

0
√
n5n2 0

√
n5n4 0

√
n5n6

√
n6n1 0 0

√
n6n4

√
n6n5 0


, (3)

gives the remaining six eigenvalues of A (Γ′ (Zprq)).

Proof.

(a) Let p, r, q be primes and n = prq. Consider a partition of V (Γ′ (Zprq)) into six subsets based
on the zero-divisors of Zn. Define:

X1 = {x ∈ Zn : (x, n) = p},
X2 = {x ∈ Zn : (x, n) = q},
X3 = {x ∈ Zn : (x, n) = r},
X4 = {x ∈ Zn : (x, n) = pq},
X5 = {x ∈ Zn : (x, n) = pr},
X6 = {x ∈ Zn : (x, n) = qr}.

(4)

All the sets X1, X2, . . . , X6 are mutually disjoint, forming a partition,

P = {X1, X2, . . . , X6}, (5)
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of V (Γ′ (Zprq)).

Next, we find the cardinality of the sets X1, X2, . . . , X6. Let x ∈ X1. Then, (x, n) = p.
Therefore,

n1 = |X1| = ϕ

(
prq

p

)
= (r − 1)(q − 1).

Similarly,

n2 = |X2| = (r − 1)(p− 1),

n3 = |X3| = (q − 1)(p− 1),

n4 = |X4| = r − 1,

n5 = |X5| = q − 1,

n6 = |X6| = p− 1.

Since ϕ(prq) = (r − 1)(q − 1)(p− 1), the number of nonzero zero-divisors in Zprq is

n− 1− ϕ(n) = prq − (r − 1)(q − 1)(p− 1)− 1

= qr + pr + pq − (r + q + p). (6)

The order of matrix A (Γ′ (Zprq)) is

|A (Γ′ (Zprq)) | =
6∑

i=1

|Xi| = qr + pr + pq − (r + q + p),

which is consistent with the result from (6).

Next, we determine the neighborhoods of the elements in Γ′ (Zprq):

(a) Let a ∈ X1, b ∈ X6. Then, ab = 0.
Furthermore, for any b ∈ X1 ∪X2 ∪ . . .∪X5 and for any positive integer k, akb ̸= 0 and
bka ̸= 0. Thus, every vertex in X1 is adjacent to every vertex in X6 so X1 ∼ X6. No
vertex of X1 is adjacent to any vertex in X1, X2, . . . , X5, so X1 ≁ Xi for i = 1, 2, . . . , 5.

(b) Let a ∈ X2, b ∈ X5. Then, ab = 0.
Furthermore, for any b ∈ X1 ∪ X2 ∪ X3 ∪ X4 ∪ X6 and for any positive integer k,
akb ̸= 0 and bka ̸= 0. Thus, every vertex in X2 is adjacent to every vertex in X5, so
X1 ∼ X5. None of the vertex of X2 is adjacent to any of the vertex of X1, . . . , X4 and
X6, so X1 ≁ Xi for i = 1, 2, . . . , 4, 6.

(c) Let a ∈ X3, b ∈ X4. Then, ab = 0.
Also, for any b ∈ X1 ∪X2 ∪X3 ∪X5 ∪X6 and for any positive integer k, akb ̸= 0 and
bka ̸= 0. Therefore, every vertex in X3 is adjacent to every vertex in X4, so X3 ∼ X4.
None of the vertex in X3 is adjacent to any of the vertex in X1, X2, X3, X5 and X6, so
X3 ≁ Xi for i = 1, 2, 3, 5, 6.

(d) Let a ∈ X4, b ∈ X3, X5, X6. Then, ab = 0.
And, akb ̸= 0 and bka ̸= 0 for any b ∈ X1 ∪ X2 ∪ X4 and for any positive integer k.
Therefore, X4 ∼ X3, X4 ∼ X5, X4 ∼ X6 and X4 ≁ X1, X4 ≁ X2, X4 ≁ X4.

(e) Let a ∈ X5, b ∈ X2, X4, X6. Then, ab = 0.
Also, for any b ∈ X1 ∪ X3 ∪ X5 and for any positive integer k, akb ̸= 0 and bka ̸= 0.
Therefore, X5 ∼ X2, X5 ∼ X4, X5 ∼ X6 and X5 ≁ X1, X5 ≁ X3, X5 ≁ X5.
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(f) Let a ∈ X6, b ∈ X1, X4, X5. Then, ab = 0.
Also, for any b ∈ X2 ∪ X3 ∪ X6 and for any positive integer k, akb ̸= 0 and bka ̸= 0.
Therefore, X6 ∼ X1, X6 ∼ X4, X6 ∼ X5 and X6 ≁ X2, X6 ≁ X3, X6 ≁ X6.

Since there is an edge between the vertices of X1 to the vertices of X6, we obtain a block
of ones in the adjacency matrix corresponding to the row for X1 and the column for X6.
Similarly, blocks of zeros andones appear for the remaining vertices, based on their adjacency
relationships.
Thus, the adjacency matrix of Γ′ (Zprq) with row and column headings X1, X2, . . . , X6 is
given by,

A (Γ′ (Zprq)) =



0n1,n1
0n1,n2

0n1,n3
0n1,n4

0n1,n5
1n1,n6

0n2,n1
0n2,n2

0n2,n3
0n2,n4

1n2,n5
0n2,n6

0n3,n1
0n3,n2

0n3,n3
1n3,n4

0n3,n5
0n3,n6

0n4,n1
0n4,n2

1n4,n3
0n4,n4

1n4,n5
1n4,n6

0n5,n1
1n5,n2

0n5,n3
1n5,n4

0n5,n5
1n5,n6

1n6,n1
0n6,n2

0n6,n3
1n6,n4

1n6,n5
0n6,n6


, (7)

where 0ni,nj
is a matrix of all zeros of order ni × nj , 1ni,nj

is a matrix of all ones of order
ni × nj . Let B be a matrix,

Bn1+n2+n3,n4+n5+n6 =

0n1,n4
0n1,n5

1n1,n6

0n2,n4
1n2,n5

0n2,n6

1n3,n4
0n3,n5

0n3,n6

 .

Thus,

A (Γ′ (Zprq)) =

[
0n1+n2+n3,n1+n2+n3 B

Bt (1− I)n4+n5+n6,n4+n5+n6

]
.

(b) The adjacencymatrixA (Γ′ (Zprq)) is given in (7). SinceA (Γ′ (Zprq)) is a real and symmetric
matrix, for all the eigenvalues the algebraicmultiplicities and the geometricmultiplicities are
the same. Note that,

det (A (Γ′ (Zprq))) = 0,

which implies that 0 is an eigenvalue of A (Γ′ (Zprq)). The nullity of A (Γ′ (Zprq)) gives the
geometric multiplicity of the eigenvalue 0. By performing elementary row transformations
on A (Γ′ (Zprq)), in the transformed matrix we find that the number of zero rows is

6∑
i=1

|Xi| − 6 = pq + qr + pr − (p+ r + q)− 6.

Thus, the nullity of A (Γ′ (Zprq)) is pq + qr + pr − (p+ r + q)− 6. Therefore, the eigenvalue
0 has the multiplicity pq + qr + pr − (p+ r + q)− 6.

(c) The graph Γ′ (Zprq) is depicted in the Figure 1, based on the structure described in (7).
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X1 X2

X5 X4

X3X6

Figure 1: The generalized zero-divisor graph Γ′ (Zprq).

Since, the order of the matrixA (Γ′ (Zprq)) is qr+pr+pq− (r+ q+p) and 0 is the eigenvalue
withmultiplicity qr+pr+pq−(r+q+p)−6, it follows that there are 6 remaining eigenvalues of
A (Γ′ (Zprq)). Since the trace of the matrix equals the sum of all eigenvalues, the remaining
6 eigenvalues must have sum 0. Using the observations above, Theorem 2.1, (1) and the
matrix A (Γ′ (Zprq)) as given in (7) we get that the remaining 6 eigenvalues of A (Γ′ (Zprq))
are the eigenvalues of the matrixM where,

M =



0 0 0 0 0
√
n1n6

0 0 0 0
√
n2n5 0

0 0 0
√
n3n4 0 0

0 0
√
n4n3 0

√
n4n5

√
n4n6

0
√
n5n2 0

√
n5n4 0

√
n5n6

√
n6n1 0 0

√
n6n4

√
n6n5 0


.

Next, we determine the eigenvalues of Γ′ (
Zpk1qr

)
, for distinct primes p, r, q and integer k1 > 1.

Theorem 2.3. Let k1 > 1 be an integer and p, q, r distinct primes. Define the setsX1, X2, . . . , X7 as given
in (10) and let ni = |Xi|;

(a) The adjacency matrix of Γ′ (
Zpk1qr

)
is

A
(
Γ′ (

Zpk1qr

))
=


0n1+n2+n3,n1+n2+n3

Bn1+n2+n3,n4+n5+n6 1n1+n2+n3,n7

Bt (1− I)n4+n5+n6,n4+n5+n6 1n4+n5+n6,n7

1tn1+n2+n3,n7
1tn4+n5+n6,n7

(1− I)n7,n7

 ,

(8)

where B is the matrix,

B =

0n1,n4
0n1,n5

1n1,n6

0n2,n4
1n2,n5

0n2,n6

1n3,n4
0n3,n5

0n3,n6

 .
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(b) Zero is an eigenvalue of A
(
Γ′ (

Zpk1qr

))
with multiplicity,

pk1−1 [pq + qr + pr − (p+ r + q)]− 6,

and −1 is an eigenvalue with multiplicity pk1−1 − 2.

(c) The remaining 7 eigenvalues of A
(
Γ′ (

Zpk1qr

))
are the eigenvalues ofM = [mij ]7×7 where,

mij =


n7 − 1, i = j = 7,
√
ninj , Xi ∼ Xj ,

0, otherwise,
(9)

ni = |Xi|.

Proof.

(a) Let n = pk1qr, where p, q, r be distinct primes and k1 > 1 be an integer. Suppose V (Γ′ (Zn))
is partitioned into the following classes. Let

X1 = {x ∈ Zn : (x, n) = pi, i = 1, 2, . . . , k1},
X2 = {x ∈ Zn : (x, n) = q},
X3 = {x ∈ Zn : (x, n) = r},
X4 = {x ∈ Zn : (x, n) = piq, i = 1, 2, . . . , k1},
X5 = {x ∈ Zn : (x, n) = pir, i = 1, 2, . . . , k1},
X6 = {x ∈ Zn : (x, n) = qr},
X7 = {x ∈ Zn : x = kprq, k = 1, 2, . . . , pk1−1 − 1}.

(10)

Observe that,X7 contains the nilpotent elements in Zpk1qr and all the setsX1, X2, . . . , X7 are
mutually disjoint. Hence,

{X1 ∪X2 ∪ . . . ∪X7}, (11)

form a partition of V
(
Γ′ (

Zpk1qr

))
.

Next, we find the cardinality of the sets X1, X2, . . . , X7. Let x ∈ X1. Then, for some i,
(x, n) = pi. Therefore,

n1 = |X1| = ϕ(pk1−1qr) + ϕ(pk2−1qr) + · · ·+ ϕ(qr)

= pk1−2(r − 1)(q − 1)(p− 1) + · · ·+ (r − 1)(q − 1)(p− 1) + (r − 1)(q − 1)

= pk1−1(r − 1)(q − 1).

Similarly,

n2 = |X2| = pk1−1(r − 1)(p− 1),

n3 = |X3| = pk1−1(p− 1)(q − 1),

n4 = |X4| = ϕ

(
n

pq

)
+ ϕ

(
n

p2q

)
+ · · ·+ ϕ

(
n

pk1q

)
= pk1−1(r − 1),

n5 = |X5| = ϕ

(
n

pr

)
+ ϕ

(
n

p2r

)
+ · · ·+ ϕ

(
n

pk1r

)
= pk1−1(q − 1),

n6 = |X6| = pk1−1(p− 1),

n7 = |X7| = pk1−1 − 1.
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The order of the matrix A
(
Γ′ (

Zpk1qr

))
is

7∑
i=1

|Xi| = pk1−1(r − 1)(q − 1) + pk1−1(r − 1)(p− 1) + pk1−1(q − 1)(p− 1)

+ pk1−1(r − 1) + pk1−1(q − 1) + pk1−1(p− 1) + p− 1

= pk1−1(pq + pr + qr − (p+ r + q) + 1)− 1. (12)

ϕ(n) = ϕ(pk1qr) = (r − 1)(q − 1)pk1−1(p − 1). The cardinality of zero-divisors in Zpk1qr

is given by n − ϕ(n) − 1 = pk1qr − (r − 1)(q − 1)pk1−1(p − 1) − 1, which simplifies to
pk1−1(pr + qr + pq − (r + q + p) + 1)− 1, as shown in (12).

Next, we determine the neighborhoods of the vertices.

(a) Since X7 contains the nilpotent elements, each element in X7 is adjacent to all the
remaining vertices, that is X7 ∼ Xi, for i = 1, 2, . . . , 7.

(b) Let a ∈ X1, b ∈ X6. Then, amb = 0 for somem > 0. Also, for any b ∈ V (Γ′ (R)) \ {X6 ∪
X7} and for any k, akb ̸= 0 and bka ̸= 0. Therefore every element in X1 is adjacent to
every element inX6, X7. Thus,X1 ∼ X6, X7. None of the elements inX1 is adjacent to
elements in V (Γ′ (R)) \ {X6 ∪X7}.

(c) Similarly, we get

X2 ∼ X5, X2 ∼ X7,

X3 ∼ X4, X3 ∼ X7,

X4 ∼ X3, X4 ∼ X5, X4 ∼ X6, X4 ∼ X7,

X5 ∼ X2, X5 ∼ X4, X5 ∼ X6, X5 ∼ X7,

X6 ∼ X1, X6 ∼ X4, X6 ∼ X5, X6 ∼ X7,

X7 ∼ X1, . . . , X7.

Since each vertex in X1 is adjacent to each vertex in X6, we obtain a block of ones of size
n1 × n6 corresponding to the row X1 and the column X6. Additionally, no vertex in X1 is
adjacent to any vertex in X2, resulting in a block of zeros of size n1 × n2 corresponding to
row X1 and column X2.
Similarly, we can construct blocks of zeros and ones for the remaining vertex sets. Note
that, for nilpotent elements, the entries on the diagonal are considered zero. Therefore, for
row X7 and column X7 we obtain a block of 1 − I of size n7 × n7. In the same manner,
the adjacency relationships between the other vertices can also be determined. Hence, the
adjacency matrix of Γ′ (

Zpk1qr

)
with row and column headings X1, X2, . . . , X7 is given by,

0n1,n1
0n1,n2

0n1,n3
0n1,n4

0n1,n5
1n1,n6

1n1,n7

0n2,n1
0n2,n2

0n2,n3
0n2,n4

1n2,n5
0n2,n6

1n2,n7

0n3,n1
0n3,n2

0n3,n3
1n3,n4

0n3,n5
0n3,n6

1n3,n7

0n4,n1
0n4,n2

1n4,n3
0n4,n4

1n4,n5
1n4,n6

1n4,n7

0n5,n1
1n5,n2

0n5,n3
1n5,n4

0n5,n5
1n5,n6

1n5,n7

1n6,n1
0n6,n2

0n6,n3
1n6,n4

1n6,n5
0n6,n6

1n6,n7

1n7,n1
1n7,n2

1n7,n3
1n7,n4

1n7,n5
1n7,n6

(1− I)n7,n7


. (13)
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Thus, the adjacency matrix of Γ′ (
Zpk1qr

)
with row and column headings X1, X2, . . . , X7 is

a block matrix,

A
(
Γ′ (

Zpk1qr

))
=

 0n1+n2+n3,n1+n2+n3
Bn1+n2+n3,n4+n5+n6

1n1+n2+n3,n7

Bt (1− I)n4+n5+n6,n4+n5+n6
1n4+n5+n6,n7

1tn1+n2+n3,n7
1tn4+n5+n6,n7

(1− I)n7,n7

 ,

where

B =

0n1,n4
0n1,n5

1n1,n6

0n2,n4
1n2,n5

0n2,n6

1n3,n4
0n3,n5

0n3,n6

 .

(b) The adjacency matrix A
(
Γ′ (

Zpk1qr

))
is given in (13).

Byperforming elementary row transformations onA
(
Γ′ (

Zpk1qr

))
, in the transformedmatrix

the number of zero rows is
6∑

i=1

|Xi| − 6 = pk1−1[pq + qr + pr − (p+ r + q)]− 6.

Thus, 0 is the eigenvalue with the multiplicity pk1−1[pq + qr + pr − (p+ r + q)]− 6, and the
nullity of A

(
Γ′ (

Zpk1qr

))
+ I gives the multiplicity of an eigenvalue −1. Since the nullity of

A
(
Γ′ (

Zpk1qr

))
+ I is |X7| − 1 = pk1−1 − 2. Hence, the multiplicity of an eigenvalue −1 is

pk1−1 − 2.

(c) From (13) and Definition 2.1 the graph Γ′ (
Zpk1qr

)
is expressed as a generalized join of two

graphs,

Γ1

(
Zpk1qr

)∨
K2

Kn7
,

where Γ1

(
Zpk1qr

)
is the graph on non-nilpotent elements andKn7

is the complete graph on
nilpotent elements, as depicted in Figures 2 and 3.

X1 X2

X5 X4

X3X6 X7

Kn7

Figure 2: The induced subgraph Γ1

(
Z

pk1 qr

)
and complete graphKn7

.
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X1 X2

X5 X4

X3X6

X7

Kn7

Figure 3: The generalized zero-divisor graph Γ′
(
Z

pk1 qr

)
.

Since the order of A
(
Γ′ (

Zpk1qr

))
is

pk1−1(pr + qr + pq − (r + q + p) + 1)− 1,

and the sum of multiplicities of the eigenvalues 0 and −1 is

pk1−1(pr + qr + pq − (r + q + p))− 6 + pk1−1 − 2 = pk1−1(pr + qr + pq − (r + q + p) + 1)− 8.

It follows that, there are 7 remaining eigenvalues for A
(
Γ′ (

Zpk1qr

))
. Since the trace of the

matrix gives the sum of eigenvalues, the sum of the remaining 7 eigenvalues is pk1−1−2. By
Theorem 2.1, (1) and (13), we get the remaining part of the proof.
Thus, the eigenvalues ofM = [mij ]7×7, where,

mij =


n7 − 1, i = j = 7,
√
ninj , Xi is adjacent to Xj ,

0, otherwise,

gives the remaining 7 eigenvalues. Here, ni = |Xi|.

Next, result determines the adjacency matrix and eigenvalues of Γ′ (
Zpk1qk2r

)
where k1, k2 > 1.

Theorem 2.4. Let p, r, q be primes and let k1 > 1, k2 > 1 be integers. Let the sets X1, X2, . . . , X11 be
defined as in (16) and ni = |Xi| for each i;

(a) The adjacency matrix of Γ′ (
Zpk1qk2r

)
is

A
(
Γ′ (

Zpk1qk2r

))
=

 0n1+...+n5,n1+...+n5 Bn1+...+n5,n6+...+n10 1n1+...+n5 , n11

Bt Cn6+...+n10,n6+...+n10
1n6+...+n10

, n11

(1n1+...+n5 , n11)
t (1n6+...+n10 , n11)

t (1− I)n11,n11

 ,

(14)
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where

B =


0n1,n6 0n1,n7 0n1,n8 0n1,n9 1n1,n10

0n2,n6 0n2,n7 0n2,n8 1n2,n9 1n2,n10

0n3,n6 0n3,n7 1n3,n8 0n3,n9 0n3,n10

0n4,n6 1n4,n7 1n4,n8 0n4,n9 0n4,n10

1n5,n6 0n5,n7 0n5,n8 0n5,n9 0n5,n10

 ,

C =


0n6,n6 1n6,n7 1n6,n8 1n6,n9 1n6,n10

1n7,n6 0n7,n7 0n7,n8 0n7,n9 1n7,n10

1n8,n6 0n8,n7 0n8,n8 1n8,n9 1n8,n10

1n9,n6 0n9,n7 1n9,n8 0n9,n9 0n9,n10

1n10,n6 1n10,n7 1n10,n8 0n10,n9 0n10,n10

 ,

(b) Zero is an eigenvalue of A
(
Γ′ (

Zpk1qk2r

))
with multiplicity,

pk1−1qk2−1[qr + pr + pq − (r + q + p)]− 10,

and the multiplicity of an eigenvalue −1 is pk1−1qk2−1 − 2.

(c) The eigenvalues of the matrixM = [mij ]11×11 where,

mij =


n11 − 1, i = j = 11,
√
ninj , Xi ∼ Xj ,

0, otherwise,

(15)

where ni = |Xi| are the remaining 11 eigenvalues of A
(
Γ′ (

Zpk1qk2r

))
.

Proof.

(a) Let n = pk1qk2r, where p, q, r be distinct primes and k1, k2 > 1 be integers. Consider a
partition of V (Γ′ (Zn)) into the following classes. Let,

X1 =
{
a ∈ Zn : (a, n) = pi, i = 1, 2, . . . , k1 − 1

}
,

X2 =
{
a ∈ Zn : (a, n) = pk1

}
,

X3 =
{
a ∈ Zn : (a, n) = qi, i = 1, 2, . . . , k2 − 1

}
,

X4 =
{
a ∈ Zn : (a, n) = qk2

}
,

X5 = {a ∈ Zn : (a, n) = r} ,
X6 =

{
a ∈ Zn : (a, n) = piqj , i = 1, 2, . . . , k1; j = 1, 2, . . . , k2

}
,

X7 =
{
a ∈ Zn : (a, n) = pir, i = 1, 2, . . . , k1 − 1

}
,

X8 =
{
a ∈ Zn : (a, n) = pk1r

}
,

X9 =
{
a ∈ Zn : (a, n) = qir, i = 1, 2, . . . , k2 − 1

}
,

X10 =
{
a ∈ Zn : (a, n) = qk2r

}
,

X11 =
{
a ∈ Zn : a = kprq, k = 1, 2, . . . , pk1−1qk2−1 − 1

}
.

(16)
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Observe that,X11 contains the nilpotent elements inZpk1qk2r and all the setsX1, X2, . . . , X11

are mutually disjoint. Hence,

{X1 ∪X2 ∪ . . . ∪X11}, (17)

formapartition ofV
(
Γ′ (

Zpk1qk2r

))
. Next, wefind the cardinality of the setsX1, X2, . . . , X11.

Suppose that, x ∈ X1. Then, gcd(x, n) = pi. Therefore,

n1 = |X1| = ϕ
(
pk1−1qk2r

)
+ · · ·+ ϕ

(
pqk2r

)
= pk1−2qk2−1(p− 1)(r − 1)(q − 1) + · · ·+ qk2−1(p− 1)(r − 1)(q − 1)

=
(
pk1−1 − 1

)
qk2−1(r − 1)(q − 1).

Similarly,

n2 = |X2| = qk2−1(r − 1)(q − 1), n3 = |X3| = (r − 1)(q − 1)pk1−1(p− 1),

n4 = |X4| = pk1−1(r − 1)(p− 1), n5 = |X5| = q(q − 1)pk1−1(p− 1),

n6 = |X6| = pk1−1qk2−1(r − 1), n7 = |X7| = (p− 1)qk2−1(q − 1),

n8 = |X8| = qk2−1(q − 1), n9 = |X9| = (q − 1)pk1−1(p− 1),

n10 = |X10| = pk1−1(p− 1), n11 = |X11| = pk1−1qk2−1 − 1,

ϕ(n) = ϕ
(
pk1qk2r

)
= pk1−1(p− 1)(r − 1)qk2−1(q − 1),

and

|V
(
Γ′ (

Zpk1qk2r

))
| = n− ϕ(n)− 1 = pk1qk2r − pk1−1(p− 1)qk2−1(q − 1)(r − 1)− 1

= pk1−1qk2−1(pr + qr + pq − (r + q + p) + 1)− 1.

We get the following relationships among the vertices,

X1 ∼ X10, X1 ∼ X11,

X2 ∼ X9, X2 ∼ X10, X2 ∼ X11,

X3 ∼ X8, X3 ∼ X11,

X4 ∼ X7, X4 ∼ X8, X4 ∼ X11,

X5 ∼ X6, X5 ∼ X11,

X6 ∼ X5, X6 ∼ X7, X6 ∼ X8, X6 ∼ X9, X6 ∼ X10, X6 ∼ X11,

X7 ∼ X4, X7 ∼ X6, X7 ∼ X10, X7 ∼ X11,

X8 ∼ X3, X8 ∼ X4, X8 ∼ X6, X8 ∼ X9, X8 ∼ X10, X8 ∼ X11,

X9 ∼ X2, X9 ∼ X6, X9 ∼ X8, X9 ∼ X11,

X10 ∼ X1, X10 ∼ X2, X10 ∼ X6, X10 ∼ X7, X10 ∼ X8, X10 ∼ X11,

X11 ∼ X1, X11 ∼ X2, . . . , X11 ∼ X11.

Hence, the adjacencymatrix of Γ′ (
Zpk1qk2r

)
with row and column headingsX1, X2, . . . , X11

is

A
(
Γ′ (

Zpk1qk2r

))
=

 0n1+...+n5,n1+...+n5
Bn1+...+n5,n6+...+n10 1n1+...+n5 , n11

Bt Cn6+...+n10,n6+...+n10
1n6+...+n10

, n11

(1n1+...+n5 , n11)
t (1n6+...+n10 , n11)

t (1− I)n11,n11

 ,
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where

B =


0n1,n6 0n1,n7 0n1,n8 0n1,n9 1n1,n10

0n2,n6 0n2,n7 0n2,n8 1n2,n9 1n2,n10

0n3,n6 0n3,n7 1n3,n8 0n3,n9 0n3,n10

0n4,n6 1n4,n7 1n4,n8 0n4,n9 0n4,n10

1n5,n6 0n5,n7 0n5,n8 0n5,n9 0n5,n10

 ,

C =


0n6,n6 1n6,n7 1n6,n8 1n6,n9 1n6,n10

1n7,n6 0n7,n7 0n7,n8 0n7,n9 1n7,n10

1n8,n6 0n8,n7 0n8,n8 1n8,n9 1n8,n10

1n9,n6 0n9,n7 1n9,n8 0n9,n9 0n9,n10

1n10,n6 1n10,n7 1n10,n8 0n10,n9 0n10,n10

 .

(b) The adjacency matrix A
(
Γ′ (

Zpk1qk2r

))
is given in (14). Similar to the proof of Theorem 18

(b), by performing elementary row transformations onA
(
Γ′ (

Zpk1qk2r

))
, in the transformed

matrix the number of zero rows is
10∑
i=1

|Xi| − 10 = pk1−1qk2−1 [pq + qr + pr − (p+ r + q)]− 10.

Hence, the multiplicity of an eigenvalue 0 is

pk1−1qk2−1 [pq + qr + pr − (p+ r + q)]− 10.

The nullity of A
(
Γ′ (

Zpk1qk2r

))
+ I is the multiplicity of an eigenvalue −1. Hence, the

multiplicity of an eigenvalue −1 is |X11| − 1 = pk1−1qk2−1 − 2.

(c) Since the order of A
(
Γ′ (

Zpk1qk2r

))
is

pk1−1qk2−1(pr + qr + pq − (r + q + p) + 1)− 1,

and the sum of multiplicities of eigenvalues 0 and −1 is

pk1−1qk2−1(pr + qr + pq − (r + q + p))− 10 + pk1−1qk2−1 − 2

= pk1−1qk2−1(pr + qr + pq − (r + q + p) + 1)− 12.

Hence, there are 11more eigenvalues ofA
(
Γ′ (

Zpk1qk2r

))
. Since the trace of the matrix gives

the sumof the eigenvalues of amatrix. The sumof remaining 11 eigenvalues is pk1−1qk2−1−2.
By Theorem 2.1, (1) and (14), we get the remaining part of the proof.

Hence, the eigenvalues of the matrix M = [mij ]11×11 gives the remaining 11 eigenvalues,
where,

mij =


n11 − 1, i = j = 11,
√
ninj , Xi ∼ Xj ,

0, otherwise,

and ni = |Xi|.
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Now, we obtain the eigenvalues of Γ′ (
Zpk1qk2rk3

)
.

Theorem 2.5. Let p, r, q be primes and k1, k2, k3 > 1 be integers. Let the sets Y1, Y2, . . . , Y19 be given in
(20) and ni = |Yi|;

(a) The adjacency matrix of Γ′ (
Zpk1qk2rk3

)
is

A
(
Γ′ (

Zpk1qk2rk3

))
=



0n1+...+n6,n1+...+n6 B1 B2 B3 1n1+...+n6 , n19

Bt
1 0 C1 C2 1n7+...+n10

, n19

Bt
2 Ct

1 0 C3 1n11+...+n14 , n19

Bt
3 Ct

2 Ct
3 0 1n15+...+n18

, n19

1t 1t 1t 1t (1− I)n19,n19

 , (18)

where

B1 =



0n1,n7
0n1,n8

0n1,n9
0n1,n10

0n2,n7
0n2,n8

0n2,n9
0n2,n10

0n3,n7
0n3,n8

0n3,n9
0n3,n10

0n4,n7
0n4,n8

0n4,n9
0n4,n10

0n5,n7
0n5,n8

0n5,n9
1n5,n10

1n6,n7
1n6,n8

1n6,n9
1n6,n10


, C1 =


0n7,n11

0n7,n12
1n7,n13

1n7,n14

0n8,n11
0n8,n12

1n8,n13
1n8,n14

1n9,n11
1n9,n12

1n9,n13
1n9,n14

1n10,n11
1n10,n12

1n10,n13
1n10,n14

 ,

B2 =



0n1,n11 0n1,n12 0n1,n13 0n1,n14

0n2,n11 0n2,n12 0n2,n13 0n2,n14

0n3,n11 0n3,n12 0n3,n13 1n3,n14

1n4,n11 1n4,n12 1n4,n13 1n4,n14

0n5,n11 0n5,n12 0n5,n13 0n5,n14

0n6,n11 0n6,n12 0n6,n13 0n6,n14


, C2 =


0n7,n15 0n7,n16 1n7,n17 0n7,n18

1n8,n15 1n8,n16 1n8,n17 0n8,n18

0n9,n15 0n9,n16 1n9,n17 1n9,n18

1n10,n15 1n10,n16 1n10,n17 1n10,n18

 ,

B3 =



0n1,n15
0n1,n16

0n1,n17
1n1,n18

1n2,n15
1n2,n16

1n2,n17
1n2,n18

0n3,n15
0n3,n16

0n3,n17
0n3,n18

0n4,n15
0n4,n16

0n4,n17
0n4,n18

0n5,n15
0n5,n16

0n5,n17
0n5,n18

0n6,n15
0n6,n16

0n6,n17
0n6,n18


, C3 =


0n11,n15

1n11,n16
0n11,n17

1n11,n18

1n12,n15
1n12,n16

1n12,n17
1n12,n18

1n13,n15
1n13,n16

1n13,n17
1n13,n18

1n14,n15
1n14,n16

1n14,n17
1n14,n18

 .

(b) Zero is an eigenvalue of A
(
Γ′ (

Zpk1qk2rk3

))
with multiplicity,

pk1−1qk2−1rk3−1[pq + pr + qr − (p+ r + q)]− 18,

and −1 is an eigenvalue with multiplicity pk1−1qk2−1rk3−1 − 2.

(c) The eigenvalues of thematrixM = [mij ]19×19 are the remaining 19 eigenvalues ofA
(
Γ′ (

Zpk1qk2rk3

))
,

where,

mij =


n19 − 1, i = j = 19,
√
ninj , Yi ∼ Yj ,

0, otherwise,

(19)
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and ni = |Yi|.

Proof.

(a) Let m = pk1qk2rk3 and p, q, r be distinct primes. Partition V (Γ′ (Zn)) into the following
classes. Let,

Y1 = {y ∈ Zm : (y,m) = pi, i = 1, 2, . . . , k1 − 1},
Y2 = {y ∈ Zm : (y,m) = pk1},
Y3 = {y ∈ Zm : (y,m) = qi, i = 1, 2, . . . , k2 − 1},
Y4 = {y ∈ Zm : (y,m) = qk2},
Y5 = {y ∈ Zm : (y,m) = ri, i = 1, 2, . . . , k3 − 1},
Y6 = {y ∈ Zm : (y,m) = rk3},
Y7 = {y ∈ Zm : (y,m) = piqj , i = 1, 2, . . . , k1 − 1; j = 1, 2, . . . , k2 − 1},
Y8 = {y ∈ Zm : (y,m) = pk1qj , j = 1, 2, . . . , k2 − 1},
Y9 = {y ∈ Zm : (y,m) = piqk2 , i = 1, 2, . . . , k1 − 1},
Y10 = {y ∈ Zm : (y,m) = pk1qk2},
Y11 = {y ∈ Zm : (y,m) = pirj , i = 1, 2, . . . , k1 − 1; j = 1, 2, . . . , k3 − 1},
Y12 = {y ∈ Zm : (y,m) = pk1rj , j = 1, 2, . . . , k3 − 1},
Y13 = {y ∈ Zm : (y,m) = pirk3 , i = 1, 2, . . . , k1 − 1},
Y14 = {y ∈ Zm : (y,m) = pk1rk3},
Y15 = {y ∈ Zm : (y,m) = qirj , i = 1, 2, . . . , k2 − 1; j = 1, 2, . . . , k3 − 1},
Y16 = {y ∈ Zm : (y,m) = qk2rj , j = 1, 2, . . . , k3 − 1},
Y17 = {y ∈ Zm : (y,m) = qirk3 , i = 1, 2, . . . , k2 − 1},
Y18 = {y ∈ Zm : (y,m) = qk2rk3},
Y19 = {y ∈ Zm : y = kprq, k = 1, 2, . . . , pk1−1qk2−1rk3−1 − 1}.

(20)

Observe that, Y19 consist of nilpotent elements in Zm and all the sets Y1, Y2, . . . , Y19 are
mutually disjoint. Hence,

{Y1 ∪ Y2 ∪ . . . ∪ Y19}, (21)

form a partition of V (Γ′ (Zm)). Next, we find the cardinality of the sets Y1, Y2, . . . , Y19.
Suppose that, y ∈ Y1. Then, (y,m) = p. Therefore,

n1 = |Y1| = ϕ(pk1−1qk2rk3) + · · ·+ ϕ(pqk2rk3)

= pk1−2(p− 1)(q − 1)qk2−1rk3−1(r − 1) + · · ·+ (p− 1)qk2−1rk3−1(r − 1)(q − 1)

= (pk1−1 − 1)(q − 1)qk2−1rk3−1(r − 1).

Similarly,

n2 = |Y2| = qk2−1(q − 1)rk3−1(r − 1),

n3 = |Y3| = (qk2−1 − 1)pk1−1rk3−1(r − 1)(p− 1),

n4 = |Y4| = (p− 1)pk1−1rk3−1(r − 1),

n5 = |Y5| = (rk3−1 − 1)(p− 1)pk1−1qk2−1(q − 1),

n6 = |Y6| = (p− 1)pk1−1qk2−1(q − 1),

244



A. Khairnar and A. Lande Malaysian J. Math. Sci. 20(1): 229–251(2026) 229 - 251

n7 = |Y7| = (p− 1)rk3−1(r − 1)(q − 1),

n8 = |Y8| = rk3−1(r − 1)(q − 1),

n9 = |Y9| = rk3−1(r − 1)(p− 1),

n10 = |Y10| = rk3−1(r − 1),

n11 = |Y11| = (p− 1)(r − 1)qk2−1(q − 1),

n12 = |Y12| = (r − 1)qk2−1(q − 1),

n13 = |Y13| = (q − 1)qk2−1(p− 1),

n14 = |Y14| = qk2−1(q − 1),

n15 = |Y15| = (p− 1)pk1−1(r − 1)(q − 1),

n16 = |Y16| = (r − 1)pk1−1(p− 1),

n17 = |Y17| = (q − 1)pk1−1(p− 1),

n18 = |Y18| = (p− 1)pk1−1,

n19 = |Y19| = pk1−1qk2−1rk3−1 − 1.

ϕ(m) = ϕ(pk1qk2rk3) = pk1−1(p− 1)qk2−1(q − 1)rk3−1(r − 1), and
|Z∗ (Zm) | = m− ϕ(m)− 1 = pk1−1qk2−1rk3−1(pr + qr + pq − (r + q + p) + 1)− 1,

which is the order of A
(
Γ′ (

Zpk1qk2rk3

))
. Observe the following adjacency relations;

Y1 ∼ Y18, Y19; Y11 ∼ Y4, Y9, Y10, Y16, Y18, Y19;

Y2 ∼ Y15, Y16, . . . , Y19; Y12 ∼ Y4, Y9, Y10, Y15, . . . , Y19;

Y3 ∼ Y14, Y19; Y13 ∼ Y4, Y9, Y10, Y15, . . . , Y19;

Y4 ∼ Y11, . . . , Y14, Y19; Y14 ∼ Y3, Y4, Y7, . . . , Y10, Y15, . . . , Y19;

Y5 ∼ Y10, Y19; Y15 ∼ Y2, Y8, Y10, Y12, Y14, Y19;

Y6 ∼ Y7, . . . , Y10, Y19; Y16 ∼ Y2, Y8, Y10, . . . , Y14, Y19;

Y7 ∼ Y6, Y13, Y14, Y17, Y19; Y17 ∼ Y2, Y7, . . . , Y10, Y12, Y19;

Y8 ∼ Y6, Y13, . . . , Y17, Y19; Y18 ∼ Y1, Y2, Y7, . . . , Y10, . . . , Y14, Y19;

Y9 ∼ Y6, Y11, . . . , Y14, Y17, . . . , Y19; Y19 ∼ Y1, Y2, . . . , Y19.

Y10 ∼ Y5, Y6, Y11, . . . , Y19;

The adjacency matrix of Γ′ (
Zpk1qk2rk3

)
with row and column headings Y1, Y2, . . . , Y19 is

A
(
Γ′ (

Zpk1qk2rk3

))
= [aij ],

where

aij =


(1− I)ni×nj , i = j = 19,

1ni×nj , Yi ∼ Yj ,

0ni×nj , otherwise.

Hence,

A
(
Γ′ (

Zpk1qk2rk3

))
=



0n1+...+n6,n1+...+n6 B1 B2 B3 1n1+...+n6 , n19

Bt
1 0 C1 C2 1n7+...+n10

, n19

Bt
2 Ct

1 0 C3 1n11+...+n14 , n19

Bt
3 Ct

2 Ct
3 0 1n15+...+n18

, n19

1t 1t 1t 1t (1− I)n19,n19

 ,
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where B1, B2, B3, C1, C2, C3 are matrices as in (18).

(b) The adjacency matrix A
(
Γ′ (

Zpk1qk2rk3

))
is given in (18). Similar to the proof of Theorem

18 (b), by performing elementary row transformations on A
(
Γ′ (

Zpk1qk2rk3

))
, the number

of zero rows in the transformed matrix is
18∑
i=1

|Yi| − 18 = pk1−1rk3−1qk2−1[pr + qr + pq − (r + q + p)]− 18.

Hence, the multiplicity of an eigenvalue 0 is

pk1−1rk3−1qk2−1[pr + qr + pq − (r + q + p)]− 18.

The nullity of A
(
Γ′ (

Zpk1qk2rk3

))
+ I gives the multiplicity of an eigenvalue −1. Hence, the

multiplicity of an eigenvalue −1 is |Y19| − 1 = pk1−1qk2−1rk3−1 − 2.

(c) Since the order ofmatrixA
(
Γ′ (

Zpk1qk2rk3

))
is pk1−1qk2−1rk3−1(pr+qr+pq−(r+q+p)+1)−1

and the sum of multiplicities of eigenvalues 0 and −1 is

pk1−1qk2−1rk3−1(pr + qr + pq − (r + q + p))− 18 + pk1−1qk2−1rk3−1 − 2

= pk1−1rk3−1qk2−1(pr + qr + pq − (r + q + p) + 1)− 20.

Hence, there are 19more eigenvalues of A
(
Γ′ (

Zpk1qk2rk3

))
. Since the sum of eigenvalues is

the trace of thematrix. Hence, pk1−1qk2−1rk3−1−2 gives the sumof remaining 19 eigenvalues.
We get the remaining part of the proof by Theorem 2.1, (1) and (18).
Thus, the eigenvalues of the matrixM = [mij ]19×19 are the remaining 19 eigenvalues where,

mij =


n19 − 1, i = j = 19,
√
ninj , Yi ∼ Yj ,

0, otherwise,

and ni = |Yi|.

3 Properties of Γ′ (
Zpk1qk2rk3

)
This sectiondetermines the girth, clique number, diameter and stability number ofΓ′ (

Zpk1qk2rk3

)
.

Furthermore, we prove Beck’s conjecture for Γ′ (
Zpk1qk2rk3

)
.

Theorem 3.1. The clique number of Γ′ (Zprq) is ω (Γ′ (Zprq)) = 3 and the stability number is

α (Γ′ (Zprq)) = pr + pq + qr − 2(r + p+ q) + 3.

Proof. Let Xi be as defined in Theorem (18) and (4). From the Figure 1 observe that, if x ∈ X4,
y ∈ X5, z ∈ X6, then, {x, y, z} form a clique that have the maximum size. Hence, ω (Γ′ (Zprq)) = 3.
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For any x, y ∈ X1 ∪X2 ∪X3, xmy ̸= 0 and ymx ̸= 0. Therefore, there is no edge between any
two vertices of X1 ∪X2 ∪X3 in Γ′ (Zprq). Hence, the stability number of Γ′ (Zprq) is

α (Γ′ (Zprq)) = |X1|+ |X2|+ |X3|
= (r − 1)(q − 1) + (p− 1)(r − 1) + (q − 1)(p− 1)

= pr + qr + pq − 2(r + q + p) + 3.

Corollary 3.1. The girth of Γ′ (Zprq) is gr (Γ′ (Zprq)) = 3 and diameter of Γ′ (Zprq) is

diam (Γ′ (Zprq)) = 3.

Theorem 3.2. The clique number of Γ′ (
Zpk1qr

)
is ω

(
Γ′ (

Zpk1qr

))
= pk1−1 + 2 and stability number is

α
(
Γ′ (

Zpk1qr

))
= pk1−1[pr + pq + qr − 2(r + p+ q) + 3], for k1 > 1.

Proof. Let Xi be as defined in Theorem 2.3 and (4). Since X7 contains the nilpotent elements, the
subgraph formed by the vertices inX7 correspond to the complete subgraph given by the principal
submatrix

[
1− I

]
of A

(
Γ′ (

Zpk1qr

))
.

Let x ∈ X4, y ∈ X5, z ∈ X6. Then, the subgraph induced by the vertices inX7 ∪{x, y, z} forms
a complete subgraph of maximum order. Hence, the clique number of Γ′ (

Zpk1qr

)
is

ω
(
Γ′ (

Zpk1qr

))
= |X7|+ 3 = pk1−1 − 1 + 3 = pk1−1 + 2.

For any x, y ∈ X1 ∪X2 ∪X3, we have xmy ̸= 0 and ymx ̸= 0 for any positive integerm. Therefore,
there is no edge between any two vertices of X1 ∪ X2 ∪ X3 in Γ′ (

Zpk1qr

)
. Hence, the stability

number of Γ′ (
Zpk1qr

)
is

α
(
Γ′ (

Zpk1qr

))
= |X1|+ |X2|+ |X3|
= (q − 1)pk1−1(r − 1) + (r − 1)pk1−1(p− 1) + (p− 1)pk1−1(q − 1)

= pk1−1[pr + qr + pq − 2(r + q + p) + 3].

Corollary 3.2. The girth and diameter of Γ′ (
Zpk1qr

)
are

gr
(
Γ′ (

Zpk1qr

))
= 3, and diam

(
Γ′ (

Zpk1qr

))
= 3.

Theorem 3.3. The clique number of Γ′ (
Zpk1qk2r

)
is

ω
(
Γ′ (

Zpk1qk2r

))
= pk1−1qk2−1 + 2,

and stability number is

α
(
Γ′ (

Zpk1qk2r

))
= pk1−1qk2−1[pr + qr + pq − 2(r + q + p) + 3],

where k1, k2 > 1.

Proof. Let Xi be as defined in Theorem 2.4, (16). Since X11 consists of nilpotent elements, the
induced subgraph by the vertices in X11 corresponds to the complete subgraph given by the
principal submatrix

[
1− I

]
of A

(
Γ′ (

Zpk1qk2r

))
.
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Let x ∈ X6, y ∈ X8, z ∈ X10. Then, the subgraph induced by the vertices in X11 ∪ {x, y, z}
gives a complete subgraph of maximum order. Hence, the clique number,

ω
(
Γ′ (

Zpk1qk2r

))
= |X11|+ 3 = pk1−1qk2−1 − 1 + 3 = pk1−1qk2−1 + 2.

For any x, y ∈ X1 ∪ X2 ∪ . . . ∪ X5, we have xmy ̸= 0 and ymx ̸= 0 for any positive integer m.
Therefore, there is no edge between any two vertices ofX1 ∪X2 ∪ . . .∪X5 in Γ′ (

Zpk1qk2r

)
. Hence,

the stability number of Γ′ (
Zpk1qk2r

)
is

α
(
Γ′ (

Zpk1qk2r

))
= |X1|+ |X2|+ |X3|+ |X4|+ |X5|
= (p− 1)(r − 1)qk2−1(q − 1) + (r − 1)qk2−1(q − 1) + (p− 1)pk1−1(r − 1)(q − 1)

+ (r − 1)pk1−1(p− 1) + pk1−1qk1−1(q − 1)(p− 1)

= pk1−1qk2−1[pr + qr + pq − 2(r + q + p) + 3].

Theorem 3.4. Let k1, k2, k3 > 1 be integers. Then, the clique number of Γ′ (
Zpk1qk2rk3

)
is

ω
(
Γ′ (

Zpk1qk2rk3

))
= pk1−1qk2−1rk3−1 + 2,

and stability number is

α
(
Γ′ (

Zpk1qk2rk3

))
= pk1−1qk2−1rk3−1[pr + qr + pq − 2(r + q + p) + 3].

Proof. Let Yi be as defined in Theorem 2.5, (20). Since Y19 consists of nilpotent elements. The
subgraph corresponding to the vertices inY19 gives the complete graph represented by the principal
submatrix

[
1− I

]
of A

(
Γ′ (

Zpk1qk2rk3

))
.

Let x ∈ Y10, y ∈ Y14, z ∈ Y18. Then, the subgraph induced by the vertices in Y19 ∪ {x, y, z}
forms a complete subgraph of maximum order. Thus,

ω
(
Γ′ (

Zpk1qk2rk3

))
= |Y19|+ 3 = pk1−1qk2−1rk3−1 − 1 + 3 = pk1−1qk2−1rk3−1 + 2.

Furthermore, for any x, y ∈ Y1∪Y2∪. . .∪Y6, we have xmy ̸= 0 and ymx ̸= 0 for any positive integer
m. Therefore, there is no edge between any two vertices of Y1 ∪ Y2 ∪ . . . ∪ Y6 in Γ′ (

Zpk1qk2rk3

)
.

This means that the stability number α
(
Γ′ (

Zpk1qk2rk3

))
can be found by summing the sizes of

the independent sets Y1, Y2, . . . , Y6 as these sets have no edges between them. Thus, the stability
number of Γ′ (

Zpk1qk2rk3

)
is

α
(
Γ′ (

Zpk1qk2rk3

))
=

6∑
i=1

|Yi|

= pk1−1qk2−1rk3−1[pr + qr + pq − 2(r + q + p) + 3].

Corollary 3.3. Let k1, k2, k3 > 1 be integers. The girth and diameter of Γ′ (
Zpk1qk2rk3

)
are

gr
(
Γ′ (

Zpk1qk2rk3

))
= 3 and diam

(
Γ′ (

Zpk1qk2rk3

))
= 2.

Proof. From the earlier result, we know that,

ω
(
Γ′ (

Zpk1qk2rk3

))
= pk1−1qk2−1rk3−1 + 2 > 3.
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Specifically, if we consider x ∈ Y14, y ∈ Y18, z ∈ Y19, then, the set {x, y, z} gives a clique in
Γ′ (

Zpk1qk2rk3

)
. Hence, Γ′ (

Zpk1qk2rk3

)
contains a triangle. Thus, gr

(
Γ′ (

Zpk1qk2rk3

))
= 3. If z, w

are two distinct nilpotent elements, then, d(z, w) = 1. If z is a nilpotent element and w is not a
nilpotent element, then, d(z, w) = 1. If both z, w are non-nilpotent elements and they are adjacent,
then, d(z, w) = 1. If both z, w are non-nilpotent elements and they are not adjacent, then,
z ↔ u ↔ w is a path, for any nilpotent element u. Therefore, diam

(
Γ′ (

Zpk1qk2rk3

))
= 2.

We conclude this section by proving Beck’s conjecture for Γ′ (
Zpk1qk2rk3

)
.

Theorem 3.5. Let k1, k2, k3 be positive integers p, q, r be primes. Then,

χ
(
Γ′ (

Zpk1qk2rk3

))
= ω

(
Γ′ (

Zpk1qk2rk3

))
.

Proof. Consider the case k1 > 1, k2 > 1, k3 > 1. Let Yi, i = 1, 2, . . . , 19 be the sets as defined in
Theorem 2.5 (20). By Theorem 3.4, we have

ω
(
Γ′ (

Zpk1qk2rk3

))
= pk1−1qk2−1rk3−1 + 2.

Now, observe that the vertices in Y19 ∪ {x, y, z}, where x ∈ Y10, y ∈ Y14, z ∈ Y18 form a clique of
the maximum size in Γ′ (

Zpk1qk2rk3

)
. Hence, we use different colors to color the vertices in this

set. For any Yi, i ̸= 19, no element in Yi is adjacent to any other element in Yi. Hence, we use the
same color to color the vertices in Yi. Also, as Y19 contains nilpotent elements we will not use any
color used in the vertices of Y19 to the remaining vertices. Let c1, c2, c3 be the colors used to color
the vertices in Y10, Y14, Y18 respectively. We color the remaining vertices with these three colors
as follows: Consider any w ∈ Yi, i ̸= 19, 10, 14, 18 then, Yi ≁ Yj for some j = 10, 14, 18 otherwise
Y19 ∪ {x, y, z, w} form a clique, a contradiction to Theorem 3.4. Hence, w is not adjacent to at least
one of x, y, z. Suppose that, w is not adjacent to x. Then, we color vertex w with the same color as
that of x. Therefore,

χ
(
Γ′ (

Zpk1qk2rk3

))
= |Y19|+ 3.

Hence,

χ
(
Γ′ (

Zpk1qk2rk3

))
= ω

(
Γ′ (

Zpk1qk2rk3

))
= pk1−1qk2−1rk3−1 + 2.

Similarly, by Theorems 3.1, 3.2, 3.3, we get the proof for the remaining cases. Hence,

χ
(
Γ′ (

Zpk1qk2rk3

))
= ω

(
Γ′ (

Zpk1qk2rk3

))
,

for positive integers k1, k2, k3.

4 Conclusions

Lande and Khairnar [6] determined the adjacency spectrum of the generalized zero-divisor
graph Γ′ (Zn) for n = pαqβ , where p, q are distinct primes and α, β are positive integers. This
paper extend the study of adjacency spectrum of Γ′ (Zn) to n = pk1qk2rk3 . Additionally, the
clique number, stability number, diameter and girth are determined. Also, it is proved that Beck’s
conjecture holds for Γ′ (

Zpk1qk2rk3

)
.
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4.1 Future Scope

The future research directions include:

1. Extending the study of adjacency spectrum of Γ′ (Zn) to n = p1p2 . . . pk for distinct primes
p1, p2, . . . , pk and then, extending the results to any positive integer n.

2. Investigating other spectra viz. the Laplacian spectrum, the signless Laplacian spectrum,
the normalized distance Laplacian spectrum, the Randić spectrum, the Aα spectrum, etc. of
Γ′ (Zn) and exploring the topological indices.

3. Exploring the study of the spectrum of Γ′(R) for non-commutative rings.
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